
Tensor and AI for intelligent 6G wireless
systems

Tingting Zhang

Doctoral Dissertation

Aalto University

October 6, 2026



Abstract

Driven by the unprecedented demands of emerging applications, next-
generation (6G) wireless networks must evolve beyond existing networks
into an intelligent, environment-aware, and interactive ecosystem to sup-
port a fully digital society. Although the architectural and algorithmic
foundations for this vision are taking shape, critical bottlenecks restrict
their practical deployment. To this end, this thesis focuses specifically on
the challenges of waveform design for vehicular integrated sensing and
communications (ISAC) systems and power control in cell-free massive
MIMO (CFmMIMO) networks. This thesis develops tailored methodologies
to resolve the performance bottlenecks imposed by stringent 6G require-
ments, including high-accuracy and wide-area sensing, performance trade-
off between sensing and communications (S&C), and ultra-low latency.

First, a slow-time transmit beamspace design for MIMO radar systems
is developed to optimize energy distribution while preserving waveform di-
versity. A corresponding tensor-based signal model is then formulated, and
parallel factor (PARAFAC) decomposition is employed to enable accurate
sensing parameter estimation and velocity disambiguation.

Second, a time-division ISAC framework for vehicular systems is intro-
duced to balance S&C requirements. Within this framework, a multibeam
sensing strategy is proposed to achieve wide-area coverage and higher sens-
ing accuracy compared to conventional beam-scanning methods. The effect
of beamforming-induced null directions on velocity estimation is analyzed,
and a corresponding estimation technique is developed. Moreover, a new
identifiability condition for tensors with Vandermonde-structured factor
matrices is established to support PARAFAC-based parameter estimation.

Third, this thesis investigates power control in CFmMIMO systems under
pilot contamination. To solve the max-min fairness power control prob-
lem, a self-supervised graph neural network enhanced with an attention
mechanism is developed. By exploiting the graph-structured representa-
tions of the CFmMIMO network, the proposed model effectively captures
interactions between access points and user equipments (UEs), offering
scalability to large networks and adaptability to varying numbers of UEs.
Experimental results show that the proposed approach significantly re-
duces computational complexity compared to conventional optimization
methods while achieving superior performance, validating its capability in
ultra-low-latency 6G real-time applications.

Overall, this thesis presents strategic insights that bridge the gap be-
tween theoretical developments and practical considerations for 6G deploy-
ment. The developed methodologies provide useful guidance for system
design and optimization, potentially contributing to the advancement of
next-generation intelligent wireless networks.
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1. Introduction

1.1 Background and Motivation

1.1.1 Evolution Toward 6G

We are entering an unprecedented era in which a larger number of smart
products and applications with continuously increasing levels of interactiv-
ity and intelligence, such as fully autonomous driving, unmanned aerial
vehicles, large-scale industrial automation, and immersive virtual and
augmented reality, are rapidly emerging and evolving, thereby imposing
enormous demands on wireless networks [1, 2, 3]. It is foreseeable that cur-
rent fifth-generation (5G) wireless systems will struggle to accommodate
the explosive growth in mobile traffic and increasingly stringent intelli-
gence requirements expected in future wireless networks [1]. Therefore,
sixth-generation (6G) wireless networks are envisioned to support emerg-
ing applications and services with much higher performance demands than
previous generations. These demands include substantially higher data
rates in terms of both peak throughput and cell-edge performance, denser
connectivity with broader coverage, ultra-low latency, improved energy
and spectral efficiency (SE), enhanced adaptability to mobility, as well
as strengthened security and privacy [2, 3]. To meet these requirements,
a range of novel paradigms and enabling technologies are being actively
investigated for the next-generation wireless networks. These key inno-
vations include integrated sensing and communications (ISAC), cell-free
massive multiple-input multiple-output (MIMO) (CFmMIMO) architecture,
artificial intelligence (AI), terahertz communications, reconfigurable intel-
ligent surface, sparse array design, and quantum networking, among other
emerging technologies. Beyond surpassing the performance benchmarks
of current 5G network systems, these advances collectively aim to drive a
transition toward environment-aware, interactive, and intelligent wireless
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Introduction

ecosystems capable of supporting the next generation of digital society.
Within the landscape of emerging 6G technologies, this thesis specifically

focuses on ISAC, CFmMIMO architecture, and AI-driven optimization
techniques within the framework of 6G wireless networks.

1.1.2 Integrated Sensing and Communications (ISAC)

ISAC is widely recognized as a key enabler of 6G wireless networks
[4, 5, 6, 7]. By integrating sensing and communications (S&C) function-
alities within a unified hardware platform, or even sharing the same
waveform, this paradigm significantly improves both hardware utilization
and system SE. Moreover, such integration enables synergistic interaction
between the two functionalities, effectively transforming conventional wire-
less infrastructures into adaptive and intelligent systems anticipated for
6G [5, 7]. By blending real-time environmental perception with high-speed
communications, ISAC catalyzes a diverse range of transformative appli-
cations, including autonomous navigation in smart transportation, vehicle-
to-everything connectivity in smart cities, and Wi-Fi sensing in smart
homes.

Depending on the dominant system functionality, ISAC system designs
are generally classified into three categories:

• Sensing-centric (S-centric) design: Prioritizes sensing perfor-
mance, typically suffering from limited communication throughput.

• Communication-centric (C-centric) design: Focuses on maximiz-
ing data rates using information-oriented waveforms and high-gain
directional beamforming, sacrificing spatial coverage and sensing
performance.

• Joint design: Establishes a unified framework in which both S&C
functionalities are jointly optimized to achieve an optimal perfor-
mance tradeoff.

An appropriate ISAC design choice depends on the scenario-specific de-
ployment demands. Central to meeting these demands is the dual-purpose
waveform design, which serves as the foundational mechanism to balance
inherently competing objectives.

1.1.3 Waveform Design in ISAC

Due to their distinct operating principles and performance requirements,
S&C functionalities impose different demands on waveform design. Specif-
ically, communication waveforms are typically optimized to support high
data rates, whereas sensing waveforms are designed to exhibit constant-
envelope characteristics and superior correlation properties [8]. Moreover,
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co-existing S&C systems inevitably generate mutual interference when
operating simultaneously. Waveform design in ISAC must therefore ac-
count for interference mitigation while satisfying individual performance
requirements, making it a challenging and critical area of research. Con-
sistent with the ISAC design classification introduced in Subsection 1.1.2,
existing waveform design approaches can be categorized according to their
functional priorities into S-centric, C-centric, and joint ISAC waveform
designs. S-centric ISAC waveform design [9, 10, 11, 12, 13] adopts legacy
sensing waveforms as the primary transmission framework and embeds
communication information into the sensing signals across different do-
mains. In contrast, C-centric waveform design [14, 15, 16, 17, 18] primarily
exploits or marginally modifies established communication waveforms to
simultaneously enable secondary radar sensing functionality.

Compared with S-centric or C-centric ISAC waveform design, which
mainly focuses on enabling the secondary functionality based on the signal
formats of the primary functionality, joint waveform design is generally
more challenging because it explicitly addresses the performance tradeoff
between S&C functionalities. Nevertheless, without being restricted to
existing sensing or communication waveforms, joint design exhibits more
degrees of freedom (DoFs) and enhanced flexibility in balancing the require-
ments of both functionalities, potentially providing a better performance
tradeoff between S&C. Joint waveform design can be conducted in one
or more independent signal dimensions to multiplex S&C functionalities,
and common multiplexing strategies include spatial-division multiplex-
ing, time-division (TD) multiplexing, and frequency-division multiplexing
[5, 19, 20]. To quantitatively characterize the performance tradeoff, var-
ious performance metrics for both S&C are jointly incorporated into the
optimization objectives or constraints, such as Cramér-Rao Bound (CRB),
mutual information, signal-to-interference-plus-noise ratio (SINR), and
waveform similarity [5, 21, 22, 23].

Numerous emerging applications fall within the scope of joint waveform
design, with vehicular ISAC systems being among the most prominent
examples, where the core decision-making architecture simultaneously
requires high-accuracy environmental sensing and low-latency commu-
nications to ensure reliable autonomous operation [7, 19, 24]. However,
as a cornerstone of next-generation architecture, joint ISAC waveform
design within 6G is still in its early but rapidly evolving stage, with many
fundamental design principles and performance metrics still under active
investigation. A more comprehensive study of the scenario-specific joint
S&C requirements, together with the coordinated exploitation of multiple
signal dimensions, may enable more flexible and efficient ISAC waveform
design.

Within the framework of ISAC, this thesis first presents a transmit
beamspace (TB) design approach for improved sensing performance in
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Chapter 2, based on the work developed in Publication I and Publication II.
Building upon this foundation, Chapter 3 introduces a waveform design
for ISAC, together with a novel multibeam method for accurate sensing, as
developed in Publication III and Publication IV.

1.1.4 AI-Enabled 6G

The remarkable success of AI across various domains has catalyzed and
accelerated its integration into wireless network infrastructures. Fu-
ture 6G networks are expected to transcend conventional mobile internet
paradigms, fostering a ubiquitous ecosystem where AI-driven applications
are seamlessly embedded from the network core all the way to the end-user
devices. AI is poised to play a pivotal role in the design, management, and
optimization of 6G architectures, communication protocols, and physical-
layer operations in the future 6G systems [25].

Learning-based techniques, as a core branch of AI, have demonstrated
their significant potential to improve both the effectiveness and efficiency of
key wireless communication tasks, including network management, chan-
nel estimation, beamforming, and resource allocation [25, 26, 27, 28, 29].
Owing to unprecedented scale, ultra-high device density, and severe het-
erogeneity, future 6G ecosystems are expected to exhibit highly dynamic
and complex behaviors. Traditionally, optimization problems in wireless
networks have been addressed by rigid rule-based methods grounded in
analytical models, domain expertise, and empirical observations. However,
in large-scale and complex environments, the precise mapping between
an optimization decision and its physical system response is often analyti-
cally intractable or computationally prohibitive to model. Consequently,
conventional model-based optimization approaches become impractical for
6G networks. In contrast, learning-based techniques circumvent these
analytical limitations by learning from environmental information and
massive datasets generated from complex systems. By shifting most of the
computational overhead to an offline training phase, learning-based meth-
ods are capable of meeting the stringent real-time latency requirements
during online inference.

While AI-driven 6G research remains a highly active frontier, the seam-
less and comprehensive integration of AI into next-generation wireless
networks is still at an early stage, leaving critical open challenges to be
investigated. In this thesis, learning-based approaches are explored to
address the challenges in CFmMIMO systems.

1.1.5 Cell-Free Massive MIMO (CFmMIMO)

Another significant paradigm shift envisioned for 6G wireless networks is
the transition from conventional cellular architectures to cell-free network
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deployments [30, 31, 32, 33]. The term “cell-free” indicates no conven-
tional cell boundaries from a user equipment (UE) perspective, as a UE
is cooperatively served by a cluster of neighboring APs. This paradigm
therefore represents a transition from traditional AP-centric to UE-centric
architectures. In traditional cellular networks, the quality of service (QoS)
experienced by a UE heavily depends on its proximity to its serving AP.
Consequently, cell-edge UEs suffer from severe performance degradation
due to large path loss and inter-cell interference. In contrast, CFmMIMO
networks deploy a large number of densely distributed APs to cooperatively
serve UEs through joint coherent transmission and processing [30]. By
eliminating conventional cell boundaries, CFmMIMO systems are able to
provide nearly uniform QoS across the coverage area. Furthermore, the
distributed deployment of massive APs provides abundant spatial DoFs, en-
abling highly directional beamforming that enhances spatial multiplexing
capability and effectively mitigates inter-user interference.

Compared with conventional cellular architectures, CFmMIMO networks
have been demonstrated to achieve higher SE, more uniform QoS, and
enhanced robustness to interference [31, 32]. To fully realize these ad-
vantages, several critical challenges must be addressed. In CFmMIMO
systems, each UE is served collaboratively by a number of APs, requiring
the system to jointly handle AP-UE association, power allocation, precod-
ing, and pilot assignment across large-scale deployments [26, 30]. Con-
ventional approaches to these tasks primarily rely on iterative techniques
whose computational complexity scales exponentially with the numbers
of APs and UEs. Consequently, in large-scale CFmMIMO deployments,
this leads to prohibitive computational overhead and latency, rendering
conventional approaches inadequate for the ultra-low latency demands
of next-generation wireless networks. More recently, advancements in
AI have opened new avenues for overcoming scalability bottlenecks and
offering powerful new approaches to optimization problems in CFmMIMO
systems.

A learning-based method for CFmMIMO power control is presented in
Chapter 4, as developed in Publication V.

1.2 Objectives

This thesis investigates the research directions outlined above and pursues
the following objectives:

• Propose a slow-time TB waveform to optimize the distribution of
transmit energy while maintaining waveform diversity. Building on
waveform design, develop a parameter estimation algorithm aimed
at enhancing sensing accuracy and mitigating the inherent velocity
ambiguity of Doppler division multiple access (DDMA) approaches.
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• Develop a resource allocation strategy to balance the S&C perfor-
mance tradeoff that fits the vehicular ISAC applications. Within this
ISAC framework, develop a novel multibeam sensing approach to
achieve accurate parameter estimation, outperforming conventional
beam-scanning-based methods.

• Design a neural network model to solve the power control optimiza-
tion problem while explicitly accounting for pilot contamination, with
the aim of significantly reducing computational complexity to meet
real-time requirements while outperforming both traditional meth-
ods and state-of-the-art learning-based approaches.

1.3 Summary of Publications and Their Contributions

• In Publication I, a novel slow-time TB MIMO radar technique is
proposed to improve sensing performance. Based on the DDMA tech-
nique, the method designs a slow-time phase modulation matrix by
partitioning the Doppler spectrum into more subbands than the num-
ber of transmit antenna elements. The resulting modulation matrix
is constructed from pulse vectors whose beams are steered toward
the desired region, enabling transmit energy focusing. Furthermore,
a 3-dimensional (3-D) tensor-based signal model is developed to facil-
itate accurate sensing parameter estimation.

• Publication II extends the slow-time TB technique in Publication I
to an L-shaped array radar equipped with uniform linear subarrays
for joint 2-dimensional (2-D) directions of arrival (DOAs) and ve-
locity estimation. The performance impact of the virtual transmit
array size and beam selection is investigated. Moreover, a rigorous
mathematical analysis of the Doppler spectrum characteristics of
the proposed waveform design is provided, revealing the limitations
of conventional matrix-based methods and motivating the develop-
ment of a tensor-based model. Extensive simulation results further
validate the superior performance of the proposed approach.

• Publication III proposes a multibeam TD approach to balance the
simultaneous demands for high sensing accuracy and high communi-
cation data rates in vehicular ISAC frameworks. The TD strategy is
introduced to flexibly balance the S&C performance tradeoff. Rather
than relying on conventional beam-scanning methods that suffer
from limited angular resolution, this approach proposes a novel multi-
beam design. By exploiting inter-beam relationships, the proposed
approach achieves wide-area sensing with significantly improved
sensing accuracy.
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• Building upon the multibeam TD framework in Publication III, Pub-
lication IV establishes a new uniqueness condition for the parallel
factor (PARAFAC) decomposition featuring two Vandermonde factor
matrices in the presence of identical sensing parameters. To practi-
cally deploy this framework, a low-complexity algorithm is proposed
for efficient PARAFAC implementation. Moreover, this work ana-
lyzes the impact of null directions on sensing parameter estimation
by characterizing the effect for different virtual array sizes, and sub-
sequently proposes a dedicated velocity estimation method for targets
located at null directions.

• Publication V proposes a self-supervised, pilot contamination-aware
graph attention network for power control in CFmMIMO systems.
The proposed model employs an attention-enhanced graph neural
network (GNN) to effectively capture information from neighbor-
ing nodes. It distinguishes interactions between APs and UEs by
categorizing graph edges into two types and explicitly accounts for
pilot contamination by incorporating the cross-correlation of pilot
sequences as an input. Furthermore, a padding mechanism is intro-
duced to handle dynamic scenarios with a varying number of UEs.

1.4 Structure of Thesis

The remainder of this thesis is organized as follows. Chapter 2 first
presents preliminaries on tensors to provide the necessary mathematical
groundwork for subsequent development of this thesis. Next, an L-shaped
radar system model is introduced, upon which a TB design technique for
MIMO radar is developed. After analyzing the Doppler spectrum charac-
teristics of this design, the chapter constructs a 3-D tensor framework. A
PARAFAC-based algorithm is then derived to achieve accurate sensing
parameter estimation. Chapter 3 first presents the signal model for a
TD vehicular ISAC scenario, together with the performance metrics for
sensing and communication. A novel multibeam method is then devel-
oped to enable accurate sensing, and a relaxed uniqueness condition for
PARAFAC with Vandermonde-structured factor matrices is derived for
sensing parameter estimation. Moreover, velocity estimation for targets
located at null directions is specifically analyzed with a corresponding
solution provided. Chapter 4 first formulates a max–min fairness power
control optimization problem in CFmMIMO systems. A graph attention
network model is then developed to address this problem, and the details
of the proposed model are presented. Numerical experiment results are
provided to validate the proposed neural network. Chapter 5 provides
conclusions and potential directions for future research.
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2. Slow-Time Transmit Beamspace
Design for MIMO Radar

To enable the evolution of wireless networks from communication-oriented
architectures to environment-aware and intelligent platforms, sensing is
expected to be a core functionality in 6G wireless systems. Sensing perfor-
mance is fundamentally influenced by the transmit beamspace design for
array radars, which in turn is critically shaped by the transmitted wave-
forms, whose coherence and diversity dictate the system’s sensing capabil-
ity. Classical phased-array radars [34, 35] transmit identical waveforms
with carefully designed phase shifts across antenna elements, achieving
high directivity at the expense of spatial DoFs. In contrast, MIMO radars
[36, 37, 38] employ fully orthogonal waveforms to maximize both effective
aperture and DoFs; however, this yields an omnidirectional beampattern,
resulting in energy inefficiency. To strike a balance between waveform
coherence and diversity, various TB design techniques were developed
[34, 39, 40, 41]. These methods employ linear combinations of a reduced
number of orthogonal waveforms to achieve directional energy focusing
while preserving waveform diversity. However, most existing TB designs
consider fast-time waveforms and are typically confined to single-pulse
formulations, such as frequency division multiple access and code divi-
sion multiple access. In contrast, slow-time waveform design, particularly
DDMA waveform design, has received comparatively little attention.

DDMA waveform design stands out because of its simple implementa-
tion and low hardware cost. It achieves Doppler-domain orthogonality by
applying phase modulation in the slow-time (pulse) domain. However, the
resulting transmit energy distribution of DDMA waveforms is omnidirec-
tional within each pulse period [42, 43]. Moreover, DDMA MIMO radar
inherently suffers from velocity ambiguity because the Doppler spectrum
division is required for transmit-channel separation prior to parameter
estimation [44].

Existing direction estimation algorithms range from nonparametric
Fourier-based methods [45] and conventional beamforming techniques,
such as the Capon beamformer, to higher-resolution parametric methods,
including multiple signal classification (MUSIC) [46, 47] and the estima-
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tion of signal parameters via rotational invariance technique (ESPRIT) [48].
However, these algorithms typically operate on a matrix-form represen-
tation constructed from the multidimensional received measurements.
Consequently, the multi-linear structure inherent in the signal measure-
ments is not fully exploited. It has been verified that tensor-based methods
can provide better performance than matrix-based methods, particularly
in low signal-to-noise ratio (SNR) scenarios [49, 50, 51, 52]. Motivated by
this, tensor-based methods have been increasingly adopted for direction
estimation in MIMO radar systems.

Accordingly, this chapter develops a slow-time TB design technique that
adopts the modulation concept of DDMA to optimize the transmit beam-
pattern, and a tensor-based algorithm is developed for sensing parameter
estimation.

2.1 Preliminaries on Tensor

Considering that the sensing parameter estimation algorithms presented
in Chapters 2 and 3 are based on tensor models, this section reviews the
preliminary concepts of tensor and tensor decomposition before proceeding
to the main development of this thesis.

Ranks of matrix: Given a matrix A ∈ CI×J , the rank of A, denoted by
r(A), is defined as the maximum number of linearly independent columns
(or rows). The Kruskal rank of A, denoted by k(A), is defined as the
largest integer l such that every set of l columns (or rows) of A is linearly
independent, i.e., k(A)= l.

Tensor decomposition: An Nth-order tensor X ∈CI1×···×IN is said to be
rank-1 if it can be expressed as the outer product of N non-zero vectors
a(n) ∈ CIn , n = 1, . . . , N, i.e., X = a(1) ◦ · · · ◦a(N), where ◦ denotes the outer
product of vectors. A decomposition of a tensor into a sum of rank-1 terms
is referred to as polyadic decomposition (PD):

X =
R∑︂

r=1

a(1)
r ◦ · · · ◦a(N)

r . (2.1)

The rank of a tensor X is defined as the smallest integer R for which the
decomposition in (2.1) holds. If the rank of X is R, then (2.1) is referred to
as the canonical PD (CPD) of X , also known as PARAFAC decomposition
or analysis.

Stacking the vectors {a(n)
r }R

r=1 into a matrix:

A(n) = [︁a(n)
1 , . . . ,a(n)

R
]︁ ∈CIn×R , n = 1, . . . , N, (2.2)

{︁
A(n)

}︁N
n=1 are referred to as the factor matrices of X . If a(n)

r satisfies

a(n)
r =

[︂
1, z(n)

r ,
(︁
z(n)

r
)︁2

, . . . ,
(︁
z(n)

r
)︁In−1

]︂T
, r = 1, . . . ,R, (2.3)

10
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A(n) is said to be a Vandermonde matrix, and
{︁

z(n)
r
}︁R

r=1 are called the
generators of A(n). Here, (·)T denotes the transpose operation.

Unfoldings of tensor: The mode-n unfolding of X , denoted by
[︁
X
]︁

(n),
arranges the mode-n fibers to be the columns of the resulting matrix. A
3-D tensor X ∈CI1×I2×I3 is considered in this thesis, and its three modes of
unfolding in terms of factor matrices can then be expressed by

[︁
X
]︁

(1) =A(1) (︁A(3) ∗A(2))︁T
,

[︁
X
]︁

(2) =A(2) (︁A(3) ∗A(1))︁T
,

[︁
X
]︁

(3) =A(3) (︁A(2) ∗A(1))︁T
,

(2.4)

where ∗ denotes the Khatri-Rao product operator. Different authors use
different orderings of the columns for the mode-n unfolding. In general,
the specific permutation of columns is inconsequential, provided that the
same convention is used consistently throughout the related calculations.

Kruskal’s condition: For a 3-D tensor X , the PARAFAC decomposition
in (2.1) is unique, up to permutation and scaling of the columns, if [53]

k
(︁
A(1))︁+k

(︁
A(2))︁+k

(︁
A(3))︁≥ 2R+2, (2.5)

where R is the rank of X . Kruskal’s condition is a sufficient but not nec-
essary condition for ensuring the uniqueness of PARAFAC. More relaxed
conditions can also guarantee uniqueness, particularly when the factor
matrices exhibit specific structures, such as a Vandermonde structure.

Alternating least squares (ALS): ALS is an iterative optimization
technique to compute PARAFAC decomposition. The key idea of ALS
is to update one factor matrix at a time while keeping the other factor
matrices fixed, allowing each update to be computed by solving a least
square subproblem with a closed-form solution. For a 3-D tensor X , when
A(2) and A(3) are fixed, the update for A(1) can be obtained by solving the
following optimization problem:

Â(1) ← argmin
A(1)

⃦⃦
⃦
[︁
X
]︁

(1) −A(1) (︁Â(3) ∗ Â(2))︁T
⃦⃦
⃦

2

F
, (2.6)

where ∥·∥F denotes the Frobenius norm of a matrix. This process alternates
among factor matrices until convergence.

Although the ALS method in (2.6) is widely used for PARAFAC decompo-
sition, its iterative optimization can become computationally demanding
for large-scale tensors or high assumed ranks. A range of approaches
has therefore been developed to reduce this computational burden. Ran-
domized and sampling-based methods reduce the cost of the ALS updates
by approximating the associated least-squares problems, while sketching
techniques can further accelerate tensor contractions without explicitly
forming large intermediate tensors [54, 55]. Other approaches improve
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the efficiency of ALS by exploiting sparsity or optimizing the computation
of Khatri–Rao products [56]. Non-iterative approaches provide an efficient
alternative by reformulating PARAFAC estimation as matrix diagonaliza-
tion or subspace-based problems, thereby reducing or avoiding the iterative
ALS procedure [51, 57, 58].

Another important direction is to exploit known structures in the factor
matrices. Specialized algorithms can incorporate such structures into
the decomposition and thereby reduce the computational burden. Such
approaches are particularly attractive in array signal processing, where
factor matrices often exhibit structures such as Vandermonde or circulant
forms [59, 60, 61, 62].

2.2 Signal Model

2.2.1 DDMA MIMO Radar with Transmit ULA

Consider a mono-static pulsed MIMO radar system equipped with a trans-
mit array comprising Mt antenna elements arranged in a uniform linear
array (ULA) configuration with an inter-element spacing of dt. A total of Q
pulses are transmitted within a single coherent processing interval (CPI)
with pulse repetition interval Tr = 1/PRF, where PRF denotes the pulse
repetition frequency (PRF). Assuming that K targets are present within
the illuminated area, characterized by direction θk, range Rk, and velocity
vk for k = 1, . . . ,K , the transmit steering vector for the kth target can be
written as

a (θk)=
[︂
1, e− j2π dt

λ
sinθk , . . . , e− j2π dt

λ (Mt−1)sinθk
]︂T

, (2.7)

where λ denotes the wavelength. Since this work focuses on transmit
energy distribution optimization, the receive steering vector is generally
denoted by b

(︁
ϕk
)︁

of size Mr ×1.
The radar cross section (RCS) coefficients are assumed to obey the Swer-

ling I model, implying that the returned signal amplitude remains constant
across pulses within a CPI. Denoting the phase modulation vector for the
qth pulse as wq, after carrier frequency downconversion and matched
filtering, the signal received by the nth antenna element for the qth pulse
can then be described by

ynq =
K∑︂

k=1

σke j2π fk(q−1)Tr
(︁
aT (θk)wq

)︁
bn
(︁
ϕk
)︁+ znq, n = 1, . . . , Mr, q = 1, . . . ,Q,

(2.8)
where σk denotes the RCS fading coefficient, fk = 2vk/λ represents the
Doppler frequency shift, bn(ϕk) is the nth element of b(ϕk), and znq is the
noise.
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Figure 2.1. DDMA characteristics with Mt = 8: (a) Doppler spectrum with K = 2 and (b)
transmit energy beampattern.

The DDMA technique, as a representative waveform that achieves or-
thogonality in the slow-time (Doppler) domain, enables the separability of
transmit channel signals by modulating each channel signal with a distinct
Doppler shift. Specifically, as depicted in Fig. 2.1(a) with Mt = 8 and K = 2,
for each target, the signal energy is accumulated at eight uniformly spaced
peaks across the entire Doppler spectrum. This energy distribution is
achieved by assigning the mth channel signal the following Doppler shift:

fm = (m−1)
PRF
Mt

, m = 1, . . . , Mt. (2.9)

For the qth pulse, the corresponding phase modulation vector is then
expressed as

wq =
[︂
1, e j2π PRF

Mt
(q−1)Tr , . . . , e j2π(Mt−1) PRF

Mt
(q−1)Tr

]︂T
. (2.10)

With DDMA modulation, the whole Doppler spectrum is divided into Mt

subbands, and only a subband of width PRF/Mt is allocated to transmit
channel individuals. Consequently, the maximum unambiguous velocity
for DDMA technique is reduced to

vmax = λPRF
4Mt

. (2.11)

It can be observed from (2.11) that vmax is only 1/Mt of the maximum limit
imposed by the pulse sampling rate PRF according to Shannon’s sampling
theorem, thereby exacerbating the velocity ambiguity.

2.2.2 MIMO Radar with L-Shaped Array

An L-shaped array is a sparse radar array composed of two orthogonal
uniform linear subarrays arranged in an “L” configuration, enabling 2-D
angle estimation (azimuth angle βk and elevation angle φk for the kth
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Figure 2.2. L-shaped array configuration.

target) with reduced hardware complexity. To locate targets in the 3-D
space by extending a 1-dimensional (1-D) ULA to a 2-D geometry, we
consider an L-shaped array composed of two ULAs positioned along x-axis
and z-axis, as illustrated in Fig. 2.2. To differentiate them from a 1-D
array, the ULAs forming the L-shaped array are referred to as subarrays
in this chapter. The subarrays along x-axis and z-axis contain Mx and Mz

antenna elements with inter-element spacings dx and dz, respectively. The
Cartesian coordinates of the mxth and mzth antenna elements in the x-axis
and z-axis subarrays are respectively given by

rx,mx =
(︁
(mx −1)dx,0,0

)︁T, mx = 1,2, . . . , Mx,

rz,mz =
(︁
0,0,(mz −1)dz

)︁T, mz = 1,2, . . . , Mz.
(2.12)

Array coordinate matrices Rx ∈RMx×3 and Rz ∈RMz×3 are then defined as

Rx =
[︁
rx,1,rx,2, . . . ,rx,Mx

]︁T ,

Rz =
[︁
rz,1,rz,2, . . . ,rz,Mz

]︁T .
(2.13)

Different from the 1-D ULA described in Subsection 2.2.1, the problem of
interest becomes the estimation of the angle pairs {βk,φk}K

k=1.
Define the propagation vector as

pk =
[︁
sinφk cosβk, sinφk sinβk, cosφk

]︁T . (2.14)

With cosψk = sinφk cosβk, the transmit steering vectors of subarrays are
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given by
ax(ψk)= e− j2πRxpk

=
[︂
1, e− j2π dx

λ
cosψk , . . . , e− j2π(Mx−1) dx

λ
cosψk

]︂T
,

az(φk)= e− j2πRzpk

=
[︂
1, e− j2π dz

λ
cosφk , . . . , e− j2π(Mz−1) dz

λ
cosφk

]︂T
.

(2.15)

Unless otherwise specified, the azimuth angle is denoted by ψk for con-
venience hereafter. Given the estimated φk and ψk, βk can be readily
determined from the geometric relationship between these angles.

Assuming that the waveforms transmitted by two subarrays are orthogo-
nal, the L-shaped array can be treated as a combination of two separate
ULAs. Therefore, from (2.15), ψk and φk can be estimated separately by ap-
plying angle estimation methods to the two subarray signals. Accordingly,
the TB design can also be performed separately for the two subarrays.
Specifically, two modulation matrices, denoted by Wx,TB and Wz,TB, can be
designed separately according to the respective practical requirements,
which will be elaborated in Section 2.3. Assuming ideal signal separation,
the signals from two transmit subarrays and received at the nth receive
element can be described by

yx,nq =
K∑︂

k=1

σke j2π fk(q−1)Tr
(︁
aT

x (ψk)wx,TB,q
)︁

bn
(︁
ψk,φk

)︁+ zx,nq,

yz,nq =
K∑︂

k=1

σke j2π fk(q−1)Tr
(︁
aT

z (φk)wz,TB,q
)︁

bn
(︁
ψk,φk

)︁+ zz,nq,

(2.16)

where wx,TB,q and wz,TB,q are respectively the qth column vectors of Wx,TB

and Wz,TB, bn(ψk,φk) denotes the nth element of the receive steering vector
b(ψk,φk), and zx,nq and zz,nq are the noise components.

2.3 Proposed Slow-Time Beamspace Design

Recalling (2.8), the transmit energy beampattern of the DDMA MIMO
radar for the qth pulse is given by

G(θ)=
⃓⃓
aT (θ)wq

⃓⃓2
, (2.17)

where θ denotes the spatial angle and | · | represents the element-wise
modulus operation applied to a scalar or a vector.

Rewrite wq defined in (2.10) as

wq =
[︃

1, e j2π q−1
Mt , . . . , e j2π (Mt−1)(q−1)

Mt

]︃T

. (2.18)
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Observing the ULA steering vector a (θk) in (2.7), wq can be interpreted as
a beamforming vector whose mainlobe is directed toward θb,q. Assuming
dt =λ/2, which is commonly adopted in practical radar systems, the beam-
forming mainlobe direction θb,q for the qth pulse satisfies the following
condition1:

sinθb,q = 2l+ 2(q−1)
Mt

, (2.19)

where l is an integer introduced to ensure that sinθb,q ∈ [−1,1]. It can be
observed that θb,q varies from pulse to pulse with a period of Mt pulses,
and the mainlobes of these beams within a pulse period sweep across
the entire spatial region. Fig. 2.1(b) illustrates both the distributions
of the individual beams and the overall transmit beampattern within
a pulse cycle. As shown in Fig. 2.1(b), the overall transmit energy is
omnidirectionally distributed across the entire spatial region, thereby
preventing DDMA from exploiting beamforming gain. If the transmit
energy can be focused within a specific region of interest, denoted by
Θ, parameter estimation accuracy for targets located within Θ can be
enhanced due to the resulting increase in SNR gain. Therefore, in this
section, a slow-time TB MIMO radar approach built upon the DDMA
technique is developed to optimize the transmit energy distribution.

2.3.1 Slow-Time Transmit Beamspace Design

From (2.19), it can be observed that the mainlobe spacings between ad-
jacent pulse beams depend on the number of subbands into which the
entire Doppler spectrum is divided, which corresponds to the value of Mt

in the DDMA technique. To differentiate the number of subbands from the
number of transmit elements, we denote the number of divided subbands
by Mv, also referred to as the number of virtual transmit elements. Accord-
ingly, the period of modulation vectors becomes Mv instead of Mt, and the
Doppler shifts can be expressed as

fm = (m−1)
PRF
Mv

, m = 1, . . . , Mv. (2.20)

With Mv > Mt, more Doppler shifts are available for modulation than
the number of transmit elements. The orthogonality across Mt transmit
channels can, in principle, be achieved by any set of Mt distinct Doppler
shifts. Moreover, any set of consecutive Mt Doppler shifts yields identical
beams except for a different extra phase, thus making no difference to the
transmit beampattern. As an illustrative example, the first Mt Doppler
shifts are selected for phase modulation, and the corresponding phase

1This condition is derived for a 1-D ULA and can be readily extended to a 2-D
L-shaped array with steering vectors with respect to cosθ, as in (2.15).
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Figure 2.3. Transmit energy beampattern of the proposed approach.

modulation vector for a Mt-ULA transmitter can be expressed as

wTB,q =
[︂
1, e j2π q−1

Mv , . . . , e j2π (Mt−1)(q−1)
Mv

]︂T
. (2.21)

Recalling (2.19), it can be readily observed that a larger Mv results in
narrower spacings between adjacent pulse beams. Consequently, more
pulse beams can be steered toward a given spatial sector. Assuming that Θ
is known a priori2, there are M < Mv pulses within every Mv pulses whose
beam mainlobes fall within Θ. Let qv = [q1, q2, . . . , qM] denote the vector
containing the indices of these M pulses in the first pulse period. To concen-
trate transmit energy within Θ, only the modulation vectors corresponding
to these M beams are selected to form a new phase modulation matrix
WTB ∈CMt×Q for the proposed slow-time TB design, which is given by

WTB,0 ≜
[︁
wTB,q1 ,wTB,q2 , ...,wTB,qM

]︁ ∈CMt×M ,

WTB ≜

⎡
⎢⎣WTB,0,WTB,0, . . . ,WTB,0⏞ ⏟⏟ ⏞

Q/M

⎤
⎥⎦,

(2.22)

where Q/M is assumed to be an integer, and the qth column vector of WTB

is applied to the qth pulse. By constructing a new phase modulation matrix
that includes only the modulation vectors whose mainlobes fall within Θ,
the transmit energy can be effectively concentrated.

Fig. 2.3 illustrates the energy distribution of individual beams as well as
the overall beampattern for the proposed TB design, where Mt = 8, Mv = 16,
M = 8, and Θ = [−30◦,30◦]. Compared to the DDMA approach shown in
Fig. 2.1(b), the adjacent beams in the proposed method are positioned
closer to one another, resulting in a greater concentration of beams within
Θ. By selecting the pulse vectors whose beamforming mainlobes are di-

2For an unknown target scene, a practical approach is to first obtain a coarse
estimate of the target region and then determine Θ accordingly [41].
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rected towards Θ, the proposed design effectively concentrates the transmit
energy within Θ, thereby achieving transmit energy optimization.

The value of Mv is mainly determined by the width of Θ and the number
of selected pulses per period M. For a fixed M, a wider Θ generally requires
a smaller Mv to ensure sufficient transmit beam coverage, whereas M
plays a role in determining the maximum number of detectable targets.
Therefore, an appropriate Mv should be selected by jointly considering
the desired TB energy distribution and the required number of detectable
targets.

2.3.2 Doppler Spectrum of Transmit Beamspace Design

DDMA technique exploits the independence among different channel sig-
nals in the Doppler domain to separate channel signals. Specifically, after
DDMA modulation, the signal energy from each channel corresponding to
a given target is concentrated at a single peak and at a unique Doppler
location, distinct from those of other channels, which ensures channel sep-
arability. However, this property does not necessarily hold for the proposed
slow-time TB design.

As evident from (2.10) and (2.22), over a CPI of Q pulses, the mth trans-
mit channel is modulated by the Q elements of the mth row of the mod-
ulation matrix. Denote the mth row of the DDMA modulation matrix W
as

vm =
[︂
1, e j2π (m−1)PRF

Mv
Tr , . . . , e j2π (m−1)PRF

Mv (Q−1)Tr
]︂

, (2.23)

whereas the mth row of the proposed slow-time TB matrix WTB as

vTB,m ≜

⎡
⎣v0,v0, . . . ,v0⏞ ⏟⏟ ⏞

Q/M

⎤
⎦ ∈C1×Q ,

v0 = e j2π (m−1)PRF
Mv

Tr[q1−1,q2−1,...,qM−1] = e j2π (m−1)PRF
Mv

Tr(qv−1),

(2.24)

where 1 denotes an all-ones vector with the same size as qv. Note that, for
ease of the subsequent comparison between DDMA and the proposed TB
technique, Mv is used in place of Mt in (2.23). According to (2.23), DDMA
technique operates by multiplying each transmit channel signal with a
distinct complex sinusoid in the slow-time domain (across pulses). The
frequency of the sinusoid for the mth channel is fv,m = (m−1)PRF/Mv, and
its sampling rate is 1/Tr =PRF. Element-wise multiplication of a signal by
a complex sinusoid with frequency fv,m is equivalent to shifting the signal
in the Doppler domain by fv,m. Consequently, if the original signal energy
is concentrated at a single peak, the modulated signal will also appear at a
single peak, with its location determined by the Doppler shift. Thus, using
DDMA modulation, the Mt transmit channel signals corresponding to the
same target are distributed across Mt separate peaks.
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Figure 2.4. Doppler spectrums of two transmit channels with Mt = 8 and M = 8.

In contrast, the slow-time TB technique described in (2.24) selects only
M out of Mv DDMA modulation pulse vectors whose beam mainlobes are
directed toward the desired spatial region, discarding the others. As a
result, the modulation signal composed of Q sample points is no longer a
single complex sinusoid, although remaining M-pulse periodic.

According to the Fourier analysis of a periodic signal f(t), with the Fourier
decomposition

f(t)=
∞∑︂

n=−∞
ane j2πnf0 t, (2.25)

where t is the time index, an is the Fourier coefficient, n is an integer,
and 1/ f0 is the signal period of f(t), the modulation signal for the pro-
posed slow-time TB design can be regarded as a superposition of multiple
complex sinusoids with different frequencies. Consequently, under the
slow-time TB design, each transmit channel can be considered as being
modulated with multiple Doppler shifts simultaneously, with shift frequen-
cies

{︁
n/(MTr)

}︁∞
n=−∞. As a result, the signal energy of a transmit channel

for a given target is spread over multiple Doppler peaks, and the peak
positions coincide with those of other channels. Fig. 2.4 provides the signal
distribution of the first two channels as an illustrative example. It can be
observed that the signal of Channel 2 is distributed across M peaks with
a uniform spacing 2vmax =λ/(2MTr) in the velocity scale, but with varying
amplitudes, which is consistent with the discussion above. To conclude,
signals from different transmit channels overlap in the Doppler domain,
making channel separation via Doppler spectrum division impossible.

Nearly all direction estimation algorithms for DDMA-based MIMO radar,
including MUSIC, ESPRIT, and conventional CPD methods, are based
on the assumption that transmit channel signals can be separated in
the Doppler domain. However, as discussed earlier, the transmit signals
generated by the proposed slow-time TB modulation cannot be separated
in this manner, rendering the aforementioned algorithms inapplicable.
To overcome this limitation, we propose a PARAFAC-based parameter
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estimation method for slow-time TB MIMO radar that does not require
Doppler spectrum separation and enables improved parameter estimation,
as detailed in the following section.

2.4 Parameter Estimation Using PARAFAC

As discussed in Subsection 2.2.2, parameter estimation algorithms for the
L-shaped radar can be independently applied to each subarray. Therefore,
for simplicity of exposition, a ULA signal model is adopted to illustrate the
proposed PARAFAC-based parameter estimation algorithm, which can be
straightforwardly extended to the L-shaped array counterpart.

To facilitate comparison with the proposed TB approach, the PARAFAC
formulation for the conventional DDMA technique is first presented. The
application of tensor-based methods to DDMA MIMO radar systems first
requires channel signal separation. This is achieved through phase demod-
ulation, where the received signals from Mt transmit elements are shifted
back to the Doppler baseband using Doppler shifts of −(m−1)PRF/Mt, m =
1, . . . , Mt. Low-pass filtering with a cutoff frequency PRF/Mt/2 is then ap-
plied, and MtMr virtual transmit-receive channel signals are obtained.
After the separation, the 3-D tensor representation for DDMA can be
expressed as follows:

YDDMA =
K∑︂

k=1

σka (θk)◦b
(︁
ϕk
)︁◦dDDMA ( fk) . (2.26)

Here,
dDDMA ( fk)=

[︁
d1 ( fk) ,d1+Mt ( fk) , . . . ,d1+Mt(PD−1) ( fk)

]︁T, (2.27)

where dq ( fk)= e j2π fk(q−1)Tr and PD =Q/Mt is an integer. For simplicity, the
noise term is omitted in the derivations throughout this section.

Next, a tensor model is constructed for the proposed slow-time TB de-
sign.3 Storing the received signal in Y of size Mr ×Q, we have

Y= (p∗B)
[︁(︁

WT
TBA

)︁⊙D
]︁T

. (2.28)

Here, p= [σ1,σ2, . . . ,σK ], ⊙ denotes the Hadamard product operation, and

B= [︁b(︁ϕ1
)︁

,b
(︁
ϕ2
)︁

, . . . ,b
(︁
ϕK
)︁]︁

,

D= [d ( f1) ,d ( f2) , . . . ,d ( fK )] ,

d ( fk)=
[︁
d1 ( fk) ,d2 ( fk) , . . . ,dQ ( fk)

]︁T.

(2.29)

Taking advantage of the periodicity of WTB, we have

WT
TBA= 1M×K ∗WT

TB,0A, (2.30)

3The tensor-based parameter estimation method developed in this section is also
applicable when Mv = Mt.
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Figure 2.5. Illustration of transforming a matrix signal to a 3-D tensor.

where 1M×K denotes the M×K all-one matrix. Define

Damb = [damb ( f1) ,damb ( f2) , . . . ,damb ( fK )] , (2.31)

where damb ( fk) is defined in a manner analogous to dDDMA( fk) in (2.27),
with Mt replaced by M. According to the pulse sampling relationship, D is
expressed as

D=Damb ∗D0, (2.32)

where D0 consists of the first M rows of D.
Based on (2.30) and (2.32), we have the following:

WT
TBA⊙D= (︁1M×K ∗ (WT

TB,0A)
)︁⊙ (Damb ∗D0)=Damb ∗

(︁
WT

TB,0A⊙D0
)︁

. (2.33)

Then, (2.28) can be rewritten as

Y= (p∗B)
(︁
Damb ∗ATB

)︁T, (2.34)

where ATB is defined as

ATB = (︁WT
TB,0A

)︁⊙D0. (2.35)

Transforming Y into a 3-D tensor of size M ×Mr ×Pv, as illustrated in
Fig. 2.5, we obtain

Y =
K∑︂

k=1

σkaTB (θk, fk)◦b
(︁
ϕk
)︁◦damb ( fk) , (2.36)

and the associated factor matrices are B, Damb, and

ATB = [︁aTB (θ1, f1) ,aTB (θ2, f2) , . . . ,aTB (θK , fK )
]︁
. (2.37)

By comparing (2.26) and (2.36), it can be observed that the part of veloc-
ity information, which was lost in (2.26) due to Doppler spectrum division,
is preserved in (2.36) in the form of D0 contained in ATB. Thus, the unam-
biguous velocity can be recovered by combining Damb with D0, effectively
extending the range of unambiguous detectable velocity by a factor of Mt.
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With the obtained factor matrices ATB and Damb, for example, via the
ALS method, the squared-error minimization algorithm can be applied to
estimate

{︁
θk
}︁K

k=1. From (2.35), we can observe that ATB is the Hadamard
product of D0 and ˜︁ATB =WT

TB,0A, and the kth column of ˜︁ATB is

˜︁aTB,k =WT
TB,0a(θk)= [︁wT

TB,q1
a(θk),wT

TB,q2
a(θk), . . . ,wT

TB,qM
a(θk)

]︁T
. (2.38)

Considering that wTB,qm obeys the discrete Fourier transform (DFT) struc-
ture for different frequencies fqm = (qm −1)/Mv, qm = q1, . . . , qM , ˜︁aTB,k can be
regarded as DFT operations at M distinct frequency points. Meanwhile,
every element of D0 is an exponential value with unit amplitude, having
no effect on the element amplitudes of ATB. Therefore,

{︁
θk
}︁K

k=1 can be
obtained by solving the following squared-error minimization problem

θ̂k = argmin
θ

⃦⃦
|˜︁aTB,k|− |˜︁aTB(θ)|

⃦⃦2 , (2.39)

where ∥·∥ denotes the Euclidean norm of a vector and ˜︁aTB(θ)=WT
TB,0a(θ).

To obtain unambiguous velocity estimates, the estimated factor D̂amb is
combined with D0, where D0 is estimated as follows:

D̂0 =ATB ⊘ ˜̂︁ATB, (2.40)

where ˜̂︁ATB is the estimate of ˜︁ATB by substituting
{︁
θ̂k
}︁K

k=1 in (2.38) and ⊘
denotes the element-wise division of matrices. With D̂amb and D̂0, we can
have

D̂amb ∗ D̂0 ≜ [d ( f1) ,d ( f2) , . . . ,d ( fK )] . (2.41)

From (2.41), the target velocities {vk}K
k=1 can be readily obtained.

Regarding the DOA estimation, since this chapter primarily focuses on
transmit energy focusing and velocity disambiguation, the receive-array
configuration is not considered. The choice of DOA estimation method
depends on the structural properties of the receive array and is, therefore,
not further discussed here.

As discussed above, 2-D direction estimation for the proposed L-shaped
array slow-time TB radar is achieved by separately estimating azimuth
and elevation using the factor matrices Ax,TB, Az,TB. Here, Ax,TB and Az,TB

denote the corresponding factor matrices associated with the two subar-
ray signals, defined analogously to ATB in (2.35) with Wx,TB,0 and Wz,TB,0,
respectively. Consequently, 2-D direction pair matching is required when
multiple targets are present. Recalling (2.36), factor matrices Ax,TB, Az,TB,
and B are available after tensor decomposition. However, only the matrices
associated with transmit arrays, i.e., Ax,TB and Az,TB, are used for direction
estimation, and the receive-array factor matrix B has not yet been utilized.
According to the PARAFAC uniqueness condition in terms of Kruskal rank
in (2.5), these factor matrices are unique up to column permutation and
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scaling if the following inequalities are satisfied:

k(Ax,TB)+k(Damb)+k(B)≥ 2K +2,

k(Az,TB)+k(Damb)+k(B)≥ 2K +2.
(2.42)

Therefore, the parameters estimated from these factor matrices are auto-
matically paired on a column-by-column basis if (2.42) holds. Owing to this
property, the factor matrix B can be used as an anchor for pair matching.

2.5 Conclusion and Discussion

In this chapter, a slow-time TB waveform design for L-shaped array radar
was developed to enhance parameter estimation performance and resolve
velocity ambiguity. A novel phase modulation matrix was designed for the
slow-time TB MIMO radar to optimize transmit energy distribution within
the spatial region of interest. The proposed slow-time TB modulation
scheme relies only on simple phase modulation and beam selection, which
facilitates easy implementation in practical systems. Based on this design,
a tensor-based signal model was developed, together with a parameter
estimation method using PARAFAC decomposition. This formulation
preserves the inherent multilinear structure of the received measurements,
thereby further improving parameter estimation performance, especially in
low-SNR scenarios. Moreover, unlike matrix-based approaches that rely on
slow-time downsampling for signal separation and consequently lose part
of the velocity information, the proposed method avoids downsampling
and thus preserves velocity information, effectively mitigating velocity
ambiguity.

The increase in beamforming gain by the proposed TB design has been
validated in this chapter. Nevertheless, the issue of null directions remains
unaddressed. It is evident that a number of null directions corresponding
to zero beamforming gain exist in the beampattern; however, it remains
unclear whether these nulls compromise sensing parameter estimation.
Moreover, the influence of the choices of M and Mv, as well as beam
selection, on the formation of these nulls and on sensing performance,
particularly velocity estimation, requires further investigation. These
issues will be addressed in Chapter 3 from the perspective of a multibeam
sensing scheme within a TD ISAC framework.
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3. Novel Transmit Multibeam Design in
Time-Division Vehicular ISAC

The rapid evolution of transportation technology over the past decade
has seen increasingly deep integration of intelligence into both vehicular
and infrastructural layers, establishing the framework for autonomous
driving. To ensure reliable autonomous operation, accurate environmental
awareness constitutes a foundational requirement. Although modern
vehicle-mounted sensors provide environmental perception capability, they
are inherently limited to line-of-sight (LoS) observations. This limitation
can impair situational awareness in complex traffic scenarios and pose
safety risks that challenge the reliability of autonomous driving. Vehicle-
to-vehicle and vehicle-to-machine communication enables the sharing of
sensor data and other transportation-related information among vehicles
and infrastructures, thereby expanding the perception horizon beyond
local LoS and providing an effective means to overcome the constraints
of LoS sensing. To realize this, vehicular systems must simultaneously
support high-throughput data exchange and high-accuracy sensing, a dual
requirement that aligns with the core capability of ISAC technologies.

According to the classification of ISAC architecture design based on the
dominant functionality in Subsection 1.1.2, vehicular ISAC falls under the
joint design category, which necessitates a balanced performance trade-
off between S&C functionalities. On the other hand, vehicular systems
must provide wide angular coverage to detect unknown obstacles, pedestri-
ans, and road conditions in their surroundings, thereby ensuring driving
safety. Therefore, from the perspective of sensing performance, vehicular
ISAC requires both wide field-of-view (FoV) coverage and high parameter
estimation accuracy.

To address the S&C performance tradeoff, this chapter first introduces a
TD ISAC scheme, which enables flexible adjustment between S&C function-
alities. As S&C have fundamentally different requirements, performance
tradeoff and mutual interference significantly increase the complexity of
waveform design. A practical, effective way to alleviate this complexity
is to employ separate, dedicated waveforms for S&C, such as those based
on TD multiplexing, spatial-division multiplexing, and frequency division

25



Novel Transmit Multibeam Design in Time-Division Vehicular ISAC

multiplexing. Among them, TD multiplexing eliminates mutual interfer-
ence by allocating non-overlapping time resources to each functionality.
This not only simplifies system implementation and reduces complexity,
but also allows dynamic S&C performance tradeoff through simple time
allocation.

Several studies have investigated wide-FoV sensing in ISAC systems, but
each approach has inherent limitations. Beam scanning during the com-
munication training phase was proposed in [63, 64] to enable radar sensing
over a wide area; however, this method suffers from low angular resolution.
In [65], adaptive random switching of transmit antennas was introduced
to form coherent beams during data transmission, but only a subset of
the transmit antennas was utilized, causing transmit energy inefficiency.
The multibeam concept was then developed in [66], which employs a fixed
sub-beam for communications while a time-varying scanning sub-beam for
sensing. Despite this integrated design, direction estimation still relies on
beam scanning and fails to exploit the correlation between beams. In [67],
a transmit beamformer was designed to generate a narrow beam towards
the communication UE while distributing the remaining energy uniformly
across the other directions for accurate sensing. However, the so-called
"uniform" distribution is guaranteed only at DFT grid locations, leaving a
number of null directions within the coverage area. Moreover, this method
restricts the number of detectable targets to fewer than half the number
of transmit antenna elements. These constraints restrict its feasibility in
practical applications.

In this chapter, we present a novel multibeam method for wide-FoV, high-
accuracy sensing within the TD vehicular ISAC framework. Subsequently,
velocity estimation for targets located at null directions is investigated,
and a corresponding solution is developed. Moreover, a relaxed uniqueness
condition for PARAFAC with Vandermonde-structured factor matrices is
derived to support reliable sensing parameter estimation.
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3.1 System Model and Performance Metrics

Figure 3.1. Illustration of the TD ISAC waveform frame structure. One frame (CPI)
consists of Q slots. For each slot, the first time interval of duration Ts = ρTr
is allocated for sensing, while the second interval of duration Tc = (1−ρ)Tr is
for communications. For simplicity, inter-slot gaps and boundary symbols are
omitted.

Consider a vehicular ISAC MIMO system, where a source vehicle is
equipped with two ULAs: a transmit array comprising Mt antenna el-
ements and a receive array consisting of Mr antenna elements. Full-duplex
sensing operation is assumed1, facilitated by advances in isolation and self-
interference cancellation [68]. The inter-element spacings of the transmit
and receive arrays are denoted by dt and dr, respectively. For analytical
simplicity, the communication UE is modeled as a single-antenna receiver.

We consider a generic waveform frame structure consisting of Q uniformly
spaced slots, within which the positions and relative velocities of UEs and
targets are assumed to remain constant, thereby defining a CPI for radar
sensing. The duration of each slot is denoted by Tr, which corresponds
to the pulse repetition interval in sensing. Within each slot, sensing is
performed at the beginning, followed by communications, with durations
Ts = ρTr and Tc = (1−ρ)Tr respectively for S&C segments, where ρ ∈ (0,1)
denotes the proportion of time resource allocated to sensing in the TD ISAC
framework. It is assumed that the communication receiver can detect the
termination of the sensing phase, which can be realized via boundary
symbol detection techniques. For ease of exposition, a simplified frame
structure is adopted, where inter-slot gaps and boundary symbols between
S&C phases are neglected. Consequently, a CPI is given by CPI = QTr.
Let the sampling duration be Tf, and thus the lengths of S&C sampling
sequences per slot are Nf = ⌊Ts/Tf⌋ and Nc = ⌊Tc/Tf⌋, respectively. Here, ⌊·⌋
represents the rounding down to the nearest integer.
1Residual self-interference is an important factor in full-duplex sensing perfor-
mance. As its cancellation and impact are beyond the scope of this work, perfect
self-interference cancellation is assumed.
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3.1.1 Sensing System Model

Let s[n], n = 0,1, . . . , Nf −1 denote the sampling sequence employed in the
sensing phase. This sequence is typically invariant across slots (pulses)
to enable coherent signal processing within a CPI and satisfies the power
constraint E(|s[n]|2) = 1. Moreover, s[n] is designed to exhibit favorable
autocorrelation and spectral characteristics for sensing applications. A
representative example is s[n]= exp( jπn2/Nf), corresponding to a classical
linear frequency modulation waveform. To optimize the transmit energy
distribution for sensing, a beamforming vector wMB,q ∈CMt is designed for
each slot q to enable multibeam FoV sensing. The beamforming matrix,
comprising all the beamforming vectors for Q pulses, is expressed as WMB =[︁
wMB,1, . . . ,wMB,Q

]︁ ∈ CMt×Q. The transmitted signal during the sensing
phase can then be written as

xs(t)=
Q∑︂

q=1

Nf−1∑︂

n=0

√︁
PswMB,qs[n]gTX

(︁
t−nTf − (q−1)Tr

)︁
, (3.1)

where Ps denotes the transmit power of the sensing signal per pulse, and
gTX(t) represents the Nyquist waveform whose sampled autocorrelation
satisfies RgTX[n]= δ[n], with δ[n] being the Kronecker delta function.

Suppose that there are K targets within the illuminated area, and the
direction of departure (DOD) and DOA for the kth target are denoted by θk

and ϕk, respectively. For analytical simplicity, LoS propagation is assumed
in this chapter. After matched filtering, the received sensing signal by Mr

antenna elements within a CPI can be expressed as

ys =
K∑︂

k=1

σkNfb(ϕk)⊗[︁WT
MBa(θk)⊙d( fk)

]︁+zs, (3.2)

where σk is the complex-valued coefficient that accounts for the transmit
power, receiver antenna gain, and radar cross-section of the kth target.
The operator ⊗ denotes the Kronecker product. The noise vector zs has
independently and identically distributed (IID) entries following C N (0,σ2

z ),
where C N (0,σ2

z ) denotes a complex normal distribution with zero mean
and variance σ2

z .
It can be observed from (3.2) that the signal processing gain of the

received signal is directly proportional to Nf. Therefore, with other param-
eters held constant, the sensing performance improves as the duration
of the sensing phase increases. On the other hand, the beamforming vec-
tors also influence sensing performance by controlling the distribution of
transmit energy, which is mathematically characterized by WT

MBa(θk). The
design of WMB will be presented in Section 3.2.

To measure the sensing performance, CRB is employed as a performance
metric. The covariance matrix of ys is given by

R= ysyH
s = N2

f CPCH +σ2
zI, (3.3)
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where (·)H denotes the conjugate transpose operation, P denotes a diagonal
matrix with diagonal elements σ2

1,σ2
2, . . . ,σ2

K , I is an identity matrix, and
the kth column of C is given by

ck =b(ϕk)⊗[︁WT
MBa(θk)⊙d( fk)

]︁
. (3.4)

Denote the unknown parameter vector as

ρ = [︁θ1, . . . ,θK ,ϕ1, . . . ,ϕK , f1, . . . , fK ,σ2
1, . . . ,σ2

K ,σ2
z
]︁
. (3.5)

The (m,n)-th element of the Fisher information matrix (FIM) can be ex-
pressed as

[︁
FIM

]︁
m,n =Tr

(︃
∂R
∂ρm

R−1 ∂R
∂ρn

R−1
)︃

. (3.6)

Here, Tr(·) denotes the trace of a matrix, ρn is the nth element of ρ, ∂R/∂ρn

stands for the partial derivative of R with respect to ρn, and (·)−1 denotes
the inverse of a matrix. To comprehensively evaluate all estimated param-
eters, including DOD, DOA, and velocity, we define the following scalar
metric as the final measure of sensing performance:

CRB(ϕ,θ, f )= 1
K

Tr
(︁[︁

FIM−1]︁
1:3K

)︁
, (3.7)

where
[︁
FIM−1]︁

1:3K denotes the submatrix obtained by extracting the first
3K rows and columns of FIM−1. Since

{︁
σ2

k
}︁K

k=1 and σ2
z are not parameters

of interest, they are excluded when computing CRB.

3.1.2 Communication System Model

We consider the case of a single UE, with the channel state information
(CSI) between the transmitter and UE assumed to be known and constant
within a frame. In automotive scenarios with high mobility, the CSI varies
across frames due to channel dynamics; thus, the constant CSI assumption
is emphasized to apply only within a single frame here. Consequently, the
communication beamforming vector remains unchanged across Q slots and
is denoted as wc, satisfying ∥wc∥ = Mt. The transmitted communication
signal can then be expressed as

xc(t)=
Q∑︂

q=1

Nc−1∑︂

n=0

√︁
Pcwccq[n]gTX

(︁
t− (n+Nf)Tf − (q−1)Tr

)︁
, (3.8)

where Pc denotes the transmit power of the communication signal in each
slot and cq[n] represents the sampled sequence for the communication part
in the qth slot, satisfying E(|cq[n]|2)= 1.

The received communication signal by the UE for the qth slot is given by

yc,q[n]=
√︁

PchT
c wccq[n]+ zc,q, (3.9)
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where hc denotes the complex channel coefficient vector between the
Mt-antenna transmitter and the UE receiver, and zc,q represents the addi-
tive noise in the qth slot, modeled as zc,q ∼C N (0,σ2

c ). Based on (3.9), the
effective communication SE can be expressed as

SE= (︁1−ρ)︁ log2

(︃
1+ Pc|hT

c wc|2
σ2

c

)︃
. (3.10)

As observed from (3.3) and (3.10), the time allocation ratio, ρ, affects the
S&C performance: a larger ρ improves sensing performance but reduces
the communication SE. Therefore, a dynamic ρ provides a direct and
intuitive means to flexibly balance the tradeoff between S&C performance.

Owing to the separability of the S&C functionalities, more complicated
communication scenarios, such as imperfect CSI or multiple UEs, do not
affect the sensing beamformer design. Therefore, the multibeam TD-ISAC
developed in this chapter can be readily extended to more practical scenar-
ios with nonideal conditions.

3.2 Proposed Multibeam Method for Accurate Sensing

Traditional beam-scanning techniques are limited by their reliance on
a single beam for direction estimation, which constrains the achievable
angular resolution to the beamwidth. To overcome this limitation, it is
essential to exploit the inherent interbeam relationships. This necessitates
a beamforming design in which any target, irrespective of its angular
position, is illuminated by at least two different beams. Intuitively, such
coverage can be realized through two strategies: the deployment of multiple
wide beams, each spanning the entire desired region, as exemplified in
[67], or the utilization of a set of narrow but partially overlapping beams
that collectively span the desired spatial field, such as in [66]. This chapter
adopts the latter strategy, leveraging the interbeam amplitude differences
for superior direction-finding accuracy. Guided by this design principle, this
chapter develops a beamforming design that accommodates both hardware-
efficient implementation and low-complexity parameter estimation.

3.2.1 Proposed Multibeam Beamformers

Revisiting the slow-time TB technique proposed in Chapter 2, it was
originally motivated by the objective of optimizing energy distribution
in DDMA waveform design. In this chapter, the TB technique is recast
from a multibeam perspective, upon which a novel multibeam method is
developed. Specifically, the slow-time TB technique can be interpreted as
generating M distinct narrow, partially overlapping beams within each
beam cycle to collectively cover the spatial region of interest, which aligns
with the core principle of the second beampattern design strategy discussed

30



Novel Transmit Multibeam Design in Time-Division Vehicular ISAC

previously. Accordingly, the beampatterns of the M beams with respect to
the spatial angle θ and the corresponding mainlobe direction θb,m of the
mth beam can be expressed as

Gm(θ)=
⃓⃓
wT

MB,ma (θ)
⃓⃓2 =

⃓⃓
⃓⃓
⃓⃓
sin
[︂
π
2 Mt

(︂
sinθ− 2(qm−1)

Mv

)︂]︂

sin
[︂
π
2

(︂
sinθ− 2(qm−1)

Mv

)︂]︂

⃓⃓
⃓⃓
⃓⃓

2

,

sinθb,m = 2l+ 2(qm −1)
Mv

.

(3.11)

Since the transmitted beams exhibit a periodicity of M, only the first cycle
of M beams is considered in (3.11) for simplicity without loss of generality,
i.e., m = 1, . . . , M, M ≤ Mv, 1≤ qm ≤ Mv.

As seen from (3.11), its beampattern follows a Sinc function, implying
that its mainlobe is directive, and its width is determined by the number
of transmit elements Mt, assuming the adjacent spacing is fixed. Two
critical characteristics emerge prior to beam selection. Firstly, within a
cycle of Mv beams, θb,m varies from beam to beam, and the mainlobes of
Mv beams sweep across the entire spatial region. Moreover, wide-FoV
sensing over a desired region, instead of the whole spatial domain, can
be achieved by properly selecting a subset of beams covering Θ, while
avoiding high computational complexity by using beamforming vectors
drawn from the pre-generated set. Secondly, as Mv increases, the spacings
between adjacent mainlobes become smaller because the spacings are
inversely proportional to Mv. Given a fixed array configuration—defined by
Mt and dt/λ, among other parameters—the mainlobe beamwidth at a given
direction remains constant, regardless of variations in Mv for modulation
purposes. Consequently, denser beam placement with constant mainlobe
beamwidth results in a higher focusing of transmit energy within the
targeted region. This characteristic allows the beamforming gain within Θ
to be enhanced just by increasing Mv.

Figure 3.2 presents the performance tradeoff between S&C, in terms of
CRB and SE under varying time allocation proportions ρ and different Mv.
Two sensing targets are placed at directions

{︁
θk
}︁2

k=1 =
{︁
ϕk
}︁2

k=1 = {−10◦,10◦}
with identical target ranges. Moreover, M = 8 beams centered around 0◦

are selected. The communication beamformer is wc = a∗(θc), where (·)∗ rep-
resents the conjugate operation. As shown in Fig. 3.2, the CRB increases
as the SE increases, indicating that improved communication performance
comes at the cost of reduced sensing accuracy. This tradeoff is governed by
the value of ρ, which controls the time allocation between S&C. In terms
of the beamforming design, we can find that a larger Mv contributes to
improved sensing performance for a given SE, as evidenced by a lower
CRB value. Therefore, the performance tradeoff in the proposed TD-ISAC
system can be managed by adjusting the time allocation proportion, while
a suitable Mv in the proposed multibeam scheme can further improve
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sensing performance.
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Figure 3.2. Tradeoff between CRB and SE. Lower CRBs are achieved at the cost of reduced
SEs, while a larger Mv contributes to lower CRBs.

As established by the foregoing analysis, the selections of {qm}M
m=1 and Mv

critically shape the transmit energy distribution: {qm}M
m=1 determines the

extent and positioning of the spatial coverage, while Mv governs the beam
density; together, they define the overall beampattern. Consequently, when
selecting these parameters to realize a desired beampattern, a natural
question arises: Are arbitrary combinations of {qm}M

m=1 and Mv applica-
ble to multibeam sensing to achieve accurate parameter estimation? A
null direction, denoted as θnull, refers to a direction where one or more
beams exhibit zero gain, i.e., wT

MB,ma(θnull) = 0, a characteristic inherent
in the Sinc function. To address this question, this chapter then explores
how {qm}M

m=1 and Mv influence the occurrence of null directions and the
interbeam relationship, and then develops a corresponding solution for
parameter estimation in the presence of nulls.

3.3 Parameter Estimation at Null Directions

For the proposed multibeam method within the TD-ISAC framework, the
PARAFAC-based parameter estimation algorithm remains applicable, as
detailed in Section 2.4. To facilitate the subsequent analysis and avoid
redundant formulations, only the factor matrices of the tensor constructed
from the received sensing signal in (3.2) are presented in this chapter.

With the multibeam beamformers WMB proposed in Section 3.2, the
factor matrices B, Damb, and AMB of the tensor Ys constructed from the
received signal are obtained by stacking the column vectors

{︁
b(ϕk)

}︁K
k=1,{︁

damb( fk)
}︁K

k=1, and
{︁

aMB(θk, fk)
}︁K

k=1, respectively. The multibeam steering
vector aMB(θk, fk) is given by

aMB (θk, fk)=
(︁
WT

MB,0a (θk)
)︁⊙d0 ( fk) , (3.12)

where WMB,0 consists of the first M column vectors.
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In principle, provided the PARAFAC decomposition is uniquely deter-
mined, sensing parameters, including DODs, DOAs, and velocities, can be
recovered using the estimated factor matrices. However, a target located
at a null direction may complicate velocity estimation, even leading to
velocity ambiguity. As stated in Section 2.4, velocity estimation is realized
using d0( fk) and damb( fk), and d0( fk) enables velocity deambiguation by
exploiting the phase relationship between its elements. Observing (3.12),
aMB (θk, fk) is the Hadamard product of ˜︁aMB(θk) = WT

MB,0a(θk) and d0( fk),
while d0( fk) is a normalized phase vector. Consequently, the estimation of
d0( fk) relies on the phase information of aMB(θk, fk) and ˜︁aMB(θk). However,
when a target is located at or near a null direction of the mth beam, i.e.,
wT

MB,ma(θk)≈ 0, the mth element amplitude of aMB(θk) approaches zero. In
this case, the corresponding phase estimation becomes highly sensitive
to noise, which significantly degrades estimation accuracy and may even
prevent reliable recovery of d0. In the worst case where only one element in
˜︁aMB,k is nonzero, only a single phase observation is available. Since velocity
estimation relies on the phase difference across elements, velocity deam-
biguation through d0 cannot be realized, causing the velocity estimation
algorithm in Section 2.4 to fail.

To address the above issue, this section analyzes the impact of null
directions on velocity estimation. The effect of null directions is first
characterized for different values of Mv. Next, a velocity estimation method
is proposed to address targets located at null directions.

3.3.1 Beampattern at Null Directions

Recalling (3.11), it can be observed that each beam contains a finite number
of null directions, and the null direction for the mth beam, denoted by
θnull,m, satisfies

{︄
Mt

(︂
sinθnull,m − 2(qm−1)

Mv

)︂
= 2inull,

sinθnull,m − 2(qm−1)
Mv

̸= 2 jnull.
(3.13)

Here, inull and jnull are arbitrary integers, and inull refers to the index of
a null direction for the mth beam. Consider two cases: one with Mt = Mv

and another with Mt < Mv. For illustration, we set Mt = 8 for both cases,
while Mv = 2Mt = 16 for the second case. The corresponding transmit beam
energy distributions of a pulse cycle are shown in Fig. 3.3, where all Mv

potential available beams are plotted.
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Figure 3.3. Transmit beams and nulls when (a) Mv = 8 and (b) Mv = 16.

From Fig. 3.3(a), it can be observed that a total of 9 null directions are
distributed over the angular region [−90◦,90◦] (sin(θ) ∈ [−1,1]). Each beam
exhibits 7 or 8 null directions, depending on the location of its mainlobe,
and these null directions are shared among different beams. At any given
null direction, indicated by vertical red dashed lines, only one beam ex-
hibits a nonzero gain, and this null direction coincides with the mainlobe
direction of that beam, while the remaining 7 beams exhibit zero gain. This
phenomenon can be mathematically explained by (3.14), which is obtained
by substituting Mv with Mt in (3.13) to accommodate the first case.

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

sinθnull,m = 2(inull + qm −1)
Mt

∈ [−1,1],

sinθnull,m ̸= 2(qm −1)
Mt

+2 jnull ∈ [−1,1].

(3.14a)

(3.14b)

For a null direction denoted by θnull,m0 with qm0 , let the corresponding
null index inull defined in (3.14a) be inull,0. To satisfy the condition in
(3.14b), it is required that inull,0 ̸= nMt for any integer n. In other words, if
inull,0 = nMt holds, a mainlobe instead of a null will be formed at θnull,m0 for
the beam m0. For another beam indexed by m1 such that qm1 − qm0 =∆q,
the condition in (3.14a) at θnull,m0 can be readily satisfied by simply setting
inull,1 = inull,0 −∆q, thereby ensuring a null at θnull,m0 . As a result, only
the beams with parameters satisfying qm1 = qm0 + inull,0 −nMt produce a
mainlobe at θnull,m0 for the beam m1, which corresponds to the condition
inull,1 = nMt, while all other beams yield null response. Since 1 ≤ qm1 ≤
Mt, there exists only one feasible qm1 that satisfies this condition. To
conclude, in conventional DDMA systems generating Mt distinct beams,
only a single beam exhibits nonzero beamforming gain at a null direction.
Consequently, for a target located at such a null direction, only one entry
of d0( fk) provides usable phase information, preventing reliable velocity
information extraction from d0( fk). As a result, for a target at a null
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direction, the maximum unambiguously detectable velocity is reduced
by a factor of Mt, since only Damb can be effectively utilized for velocity
estimation.

For the case Mv > Mt, an example with Mv = 16 is considered, and the
corresponding beampattern is shown in Fig. 3.3(b). Compared to the first
case, a larger number of distinct beams and nulls are distributed across the
spatial region, with multiple beams exhibiting nonzero gain at each null
direction. Under this setting, the expression in (3.13) can be reformulated
as {︄

sinθnull,m = 2(qm−1)
Mv

+ 2inull
Mt

∈ [−1,1],

sinθnull,m ̸= 2(qm−1)
Mv

+2 jnull ∈ [−1,1].
(3.15)

In this case, a beam, indexed by m1, sharing the null direction θnull,m0 with
parameter qm0 , must satisfy

inull,0 − inull,1

qm1 − qm0

= Mt

Mv
, inull,1 ̸= nMt. (3.16)

It can be seen from (3.16) that the number of beams sharing a null direction
is determined by the ratio Mt/Mv. Let Mt/Mv be expressed in its reduced
form as M1/M2, where M1 and M2 are coprime integers. Accordingly, in
addition to satisfying the second subcondition in (3.16), the difference
qm1 − qm0 must be an integer multiple of M2 in order to form a null at
θnull,m0 . In this case of M1/M2 = 1/2, qm1 − qm0 must be even to satisfy this
condition. Therefore, when Mv > Mt, more than one beam exhibits nonzero
gain at a given null direction, thereby enabling the phase-based velocity
estimation with reduced ambiguity. In contrast to traditional DDMA, the
proposed multibeam scheme overcomes the limitation of failing to estimate
the velocity of targets located at null directions, thereby achieving more
robust performance in practical applications.

As mentioned earlier, flexible wide FoV coverage is required in vehicular
ISAC scenarios; therefore, beam selection is performed to accommodate
different spatial regions of interest. The impact of this beam selection on
the maximum detectable velocity, as well as the corresponding velocity
estimation algorithm under such conditions, is discussed in the following.

3.3.2 Velocity Estimation of Null-Direction Targets

As discussed above, velocity estimation relies on phase information, while
the accuracy of phase estimation depends on the element amplitudes
of aMB,k, i.e., the beamforming gains. When the beamforming gain is
sufficiently low, the corresponding phase estimates become highly sensitive
to noise and unreliable; thus, such phase estimates should be excluded
from the velocity estimation procedure. Supposing that a target is located
at a null direction, the indices of the reliable beams for this null are
denoted by m1, . . . ,mP , where 1 ≤ m1 < ·· · < mP ≤ Mv. After discarding the
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unreliable phase estimates obtained from low-amplitude entries of ˜︁aMB,k,
d0 is modified as2

dnull,0 ( fk)=
[︁
e j2π fk(m1−1)Tr , . . . , e j2π fk(mP−1)Tr

]︁T
. (3.17)

Let ∆mp = mp+1−mp. Then, the phase difference vector can be expressed
as follows:

∆φamb = [∆m1, . . . ,∆mP−1]T fkTr. (3.18)

To account for ambiguity when representing a target velocity v, the
ambiguity numbers {lamb,p}P−1

p=1 are introduced, allowing the velocity to be
expressed as

v = λPRF
2∆mp

lamb,p +vb,p, vb,p ∈
[︃
−λPRF

4∆mp
,
λPRF
4∆mp

)︃
. (3.19)

It is assumed that the target velocity does not exceed the maximum un-
ambiguous velocity corresponding to the case where ∆mp = 1 in (3.19). To
achieve accurate velocity estimation, the phase difference corresponding
to the minimum index spacing, ∆mmin, is first utilized to determine the
ambiguity numbers {lamb,p}P−1

p=1 .
To fuse the velocity information contained in dnull,0( fk) and damb( fk), the

phase difference corresponding to ∆mP = M is incorporated, which can
be obtained by ∆φamb,P = M fkTr = 1

Pv−1
∑︁Pv−1

i=1
{︁⟨︁

damb( fk)
⟩︁

i+1 −
⟨︁
damb( fk)

⟩︁
i

}︁
,

where 〈·〉i denotes the operation of extracting the phase of the ith element
of a vector and then dividing it by 2π. Once the velocity ambiguity numbers
{lamb,p}P

p=1 are determined, the estimated {∆φamb,p}P
p=1 can be used to obtain

⎡
⎢⎢⎢⎢⎢⎣

∆m1
...

∆mP−1

M

⎤
⎥⎥⎥⎥⎥⎦

Tr fk =

⎡
⎢⎢⎢⎢⎢⎣

∆φamb,1 + lamb,1
...

∆φamb,P−1 + lamb,P−1

∆φamb,P + lamb,P

⎤
⎥⎥⎥⎥⎥⎦

. (3.20)

Using a least-squares fitting method, fk can be estimated as

f̂k =
1
Tr

∆mT∆φ

∆mT∆m
, (3.21)

where ∆m and ∆φ represent the vectors enclosed in the square brackets
on the left- and right-hand sides of (3.20), respectively.

From the above discussion, the key challenge in velocity deambiguation
lies in determining the ambiguity numbers {lamb,p}P

p=1. If ∆mmin = 1, i.e.,
there exists at least one pair of beams with spacing 1 that allows resolving

2In the worst case, e.g., under low-SNR conditions, only one beam may exceed
the reliability threshold; in this case, the proposed sensing parameter estimation
method fails since at least two reliable beams are required. This represents a
boundary condition of the proposed approach.
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the ambiguity, the velocity can initially be estimated using the associated
φamb,p, although this velocity estimate may lack accuracy since it relies
on only a single phase difference value. With this preliminary velocity
estimate, {lamb,p}P

p=1 can subsequently be determined, thereby enabling a
more accurate velocity estimation.

When ∆mmin > 1, its corresponding ambiguity number must first be
determined. For notational simplicity, ∆m1 = ∆mmin is assumed. The
corresponding lamb,1 can be determined by

l̂amb,1 = min
0≤|l|≤⌈∆m1−1

2 ⌉

P∑︂

p=2

⃓⃓
⃓JTr f̂k∆mp −∆φamb,pK

⃓⃓
⃓, (3.22)

where f̂k = (∆φamb,1+l)/∆m1/Tr, ⌈·⌉ represents the rounding up to the nearest
integer, and J·K denotes the operation of extracting the fractional part
of a value. Since ∆m1 is the smallest among {∆mp}P

p=1, the number of
candidates for lamb,1 is limited, and thus, only a few loops are required to
identify its true value.

Unfortunately, however, even if the condition in (3.22) is satisfied, the
resulting estimate of fk is not necessarily correct. Let the hypothesized
value of lamb,1 be lamb,1 +∆l, where ∆l ̸= 0. If the following condition holds:

∆mp∆l
∆m1

= n, p = 1, . . . ,P, (3.23)

the estimate lamb,1 +∆l will be misidentified as the true value of lamb,1.
Here, ∆mP = M, and n denotes an arbitrary integer.

Recalling (3.16), it has been concluded that the differences between the
values of qm associated with nonzero-gain beams at a given null direction
are determined by the ratio, M1/M2. Consider the following two cases: the
first is M2 ≥ 3 and the second is M2 = 2. For the first case, it can be found
that the values of qm for zero-gain beams must satisfy ∆q = qm1 − qm0 =
nM2. As a result, there exist at least M2 −1 consecutive beams exhibiting
nonzero gain at a null direction, ensuring ∆mmin = 1. The term “at least”
arises here because an additional subcondition, inull ̸= Mt jnull, must also
be satisfied simultaneously. To investigate the second case, rewrite (3.15)
with Mv = 2Mt as

{︄
sinθnull,m = 2inull+(qm−1)

Mt
∈ [−1,1],

sinθnull,m ̸= qm−1
Mt

+2 jnull ∈ [−1,1].
(3.24)

For a null direction given by sinθnull,m0 =
2inull,0+(qm0−1)

Mt
with inull,0 ̸= 0, let

qm1 = 2inull,0 + qm0 and set inull = 0. It can be observed that the beam m1

forms a mainlobe at θnull,qm0
, and adjacent beams corresponding to qm1 −1

and qm1 +1 also exhibit nonzero gain at the same direction. This implies
the existence of consecutive beams with nonzero gain in the second case.
In conclusion, for Mv > Mt, it follows that ∆mmin = 1. This result remains
valid under flexible beam selection aimed at adapting to a desired spatial
region, since the region of interest typically is a continuous angular sector.
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3.4 Relaxed Uniqueness Condition for PARAFAC

The feasibility of PARAFAC-based parameter estimation algorithms funda-
mentally relies on the uniqueness of PARAFAC decomposition. According
to the uniqueness condition in (2.5), the factor matrices of Ys are uniquely
identifiable if k(B)+k(Damb)+k(AMB)≥ 2K+2 holds. However, this condition
is sufficient but not necessary, and can be relaxed when factor matrices
possess specific structural properties.

The configurations of the ULA receiver and uniform slow-time sampling
lead to both factor matrices, B and Damb, exhibiting a Vandermonde struc-
ture with generators

{︁
zB,k

}︁K
k=1 and

{︁
zDamb,k

}︁K
k=1, respectively. On the other

hand, the parameters of the K targets, including DODs, DOAs, and veloc-
ities, may not be distinct or may be very close to each other in practice.
Consequently, the corresponding factor matrices may not have full-column
rank. Motivated by this, a new uniqueness condition is established for
tensors with two Vandermonde-structured and potentially rank-deficient
factor matrices.

First, the spatial smoothing mapping technique [69] is employed to
address rank deficiency caused by repeated sensing parameters. This
technique constructs overlapping subarrays or segments along the relevant
signal dimension and maps the resulting data into a higher-order tensor,
thereby introducing additional dimensions that can increase the ranks of
factor matrices. In this chapter, the spatial smoothing mapping technique
is applied along both the receive-array and slow-time dimensions. By
exploiting the Vandermonde structures of B and Damb, B ∈ CMr×K and
Damb ∈CPv×K are mapped into B〈T1〉B〈L1〉T ∈CT1×L1 and D〈T2〉

ambD〈L2〉
amb

T ∈CT2×L2 ,
respectively. Here, B〈T1〉 denotes the matrix formed by selecting the top T1

rows of B, and the same notation applies to other matrices. The integers T1,
T2, L1 and L2 should be chosen such that T1+L1 = Mr+1 and T2+L2 = Pv+1.
Consequently, spatial smoothing along the two dimensions introduces two
additional dimensions, and a new 5-D tensor, denoted by Y , can be obtained
from Ys and expressed as

[︁
Y
]︁

t1,t2,l1,l2,m = [︁Ys
]︁

t1+l1−1,t2+l2−1,m, (3.25)

where
[︁
Y
]︁

t1,t2,l1,l2,m denotes the (t1, t2, l1, l2,m)-th entry of Y . The same
indexing notation is also used for Ys. Unfolding Y ∈CT1×T2×L1×L2×M , a new
matrix, Y ∈CT1T2×L1L2M , can be constructed as

Y=
(︂

B〈T1〉∗D〈T2〉
amb

)︂(︂
B〈L1〉∗D〈L2〉

amb ∗AMB

)︂T
. (3.26)

Since we are primarily concerned with the relationships among elements
within each column, column-wise scaling does not affect the parameter
estimation in this context. Therefore, for simplicity, column scalings are
omitted in (3.26) and the subsequent derivations.
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Assume that B has G ≤ K distinct generators with multiplicity P1, . . . ,PG ,
where 1≤ Pg ≤ K for g ∈ {1, . . . ,G}. Then, B can be grouped in column blocks
according to these multiplicities and represented as

B= [︁1T
P1

⊗b1,1T
P2

⊗b2, . . . ,1T
PG

⊗bG
]︁
, (3.27)

where 1Pg denotes an all-one column vector of length Pg and bg =
[︁
1, zB,g, . . . ,

zMr−1
B,g

]︁T is the Vandermonde vector associated with the gth generator zB,g.
Since B〈T1〉 and B〈L1〉 share the same generators as B and differ only in
their row dimensions, they can be expressed in a form analogous to (3.27).
Despite the presence of repeated generators, the uniqueness condition can
be relaxed as follows:

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

r
(︂

B〈T1〉∗D〈T2〉
amb

)︂
= K

r
(︂

B〈L1〉∗D〈L2〉
amb ∗AMB

)︂
= K

Pg +1≤ T2, g = 1, . . . ,G.

(3.28a)

(3.28b)

(3.28c)

Here, X and X are obtained by deleting the bottom and top rows of X, re-
spectively. Under this condition, the Vandermonde-constrained PARAFAC
decomposition of Y is unique, enabling the recovery of the sensing param-
eters of up to K targets with automatic parameter pairing.

The proof of the condition in (3.28a)-(3.28c) and the procedure for calcu-
lating the sensing parameters using PARAFAC in the presence of repeated
sensing parameters are elaborated in the appendix, while an outline of
the procedure is presented in Algorithm 1. It is worth noting that the
effectiveness of the proposed parameter estimation remains unaffected by
the phase ambiguity of singular value decomposition (SVD) because the
estimation of DODs, DOAs, and velocities relies on the relative phase and
amplitude relationships among the elements of the vectors b(ϕk), damb ( fk),
and aMB (θk, fk), rather than on individual elements in isolation.

It follows from (3.28a)-(3.28c) that the selection of T1, T2, L1, and L2

is governed not only by the number of targets to be identified, K , but
also by the dimensional constraints imposed by the size of receive array,
Mr, and Pv, i.e., T1 < Mr, L1 ≤ Mr, T2 ≤ Pv, and L2 ≤ Pv. Therefore, these
parameters should be selected by jointly considering the required number
of identifiable targets and the aforementioned dimensional constraints.

To further illustrate the advantage of the proposed uniqueness condition
over the conventional Kruskal condition, consider a numerical example
with M = 8, Mr = 8, Pv = 10, and K = 12. Each of the two Vandermonde-
structured factor matrices contains 4 different generators, each with mul-
tiplicity 3. Consequently, we have r(B)= r(Damb)= 4 and k(B)= k(Damb)= 1.
Assuming k(AMB)= r(AMB)= 8, the conventional Kruskal condition yields
k(AMB)+ k(B)+ k(Damb) = 8+1+1 = 10 < 2K +2 = 26, and therefore cannot
guarantee uniqueness of the PARAFAC decomposition. In contrast, the

39



Novel Transmit Multibeam Design in Time-Division Vehicular ISAC

proposed uniqueness condition can be satisfied by selecting, for example,
T1 = 5, T2 = 4, L1 = 4, and L2 = 7. In particular,

(T1 −1)T2 = 16> K = 12, L1L2M = 224> K = 12, Pg +1= 4= T2, g = 1, . . . ,4.

Therefore, exploiting the spatial smoothing technique and Vandermonde
structure yields a more relaxed uniqueness condition than the conventional
Kruskal condition.

Finally, even if the uniqueness condition is satisfied under the consid-
ered model, the practical feasibility of the proposed approach may still be
limited by the stability of the PARAFAC decomposition. Specifically, when
multiple targets have closely spaced angular or Doppler parameters, the
corresponding factor vectors can become highly correlated, resulting in
ill-conditioning and reduced numerical stability of PARAFAC. Techniques
such as regularization and informed initialization [70, 71] have been de-
veloped to mitigate this issue. Since a detailed investigation of this aspect
is beyond the scope of this work, sufficient separation in the angular and
Doppler domains is assumed.

Computational Complexity: The most computationally intensive step
of Algorithm 1 is the SVD of Y. Consequently, the overall complexity
of Algorithm 1 is on the order of O

(︁
T1T2L1L2Mmin(T1T2,L1L2M)

)︁
. For

the ALS-based PARAFAC decomposition, the computational complexity
per iteration is O (T1T2L1L2MK). According to the uniqueness condition
in (3.28), the parameters T1, T2, L1, L2, and M are chosen based on the
maximum number of identifiable targets K , such that (T1 −1)T2 ≥ K and
L1L2M ≥ K . As a result, both T1T2 and L1L2M scale on the order of K ,
implying that the complexity of Algorithm 1 is comparable to that of a
single iteration of the ALS-based method. Since Algorithm 1 does not
require multiple iterations to reach convergence, it is therefore more com-
putationally efficient than conventional ALS-based methods. In the prac-
tical implementation, the computational burden can be further reduced
by employing optimized linear algebra libraries and leveraging parallel
computing techniques. Therefore, a PARAFAC-based sensing parameter
estimation method can be performed within a practical runtime, making
the proposed approach suitable for latency-constrained ISAC applications.

40



Novel Transmit Multibeam Design in Time-Division Vehicular ISAC

Algorithm 1 Procedure for estimating sensing parameters via PARAFAC
under repeated parameters

1: Input: Ys.
Choose integer pairs (T1,L1) and (T2,L2) subject to T1 +L1 = Mr +1 and
T2 +L2 = Pv +1, and then construct a new matrix according to (3.25):

Y=
(︂

B〈T1〉∗D〈T2〉
amb

)︂(︂
B〈L1〉∗D〈L2〉

amb ∗AMB

)︂T
.

2: Compute SVD Y=UΛVH, and then determine K from Λ.
3: Build U1 and U2 as

U1 =U
(︁
1 : (T1 −1)T2, :

)︁
, U2 =U(T2 +1 : T1T2, :) where U(x1 : x2, :) denotes

a submatrix of U consisting of rows from index x1 to x2;
Determine {zB,k}K

k=1 and M using eigenvalue decomposition (EVD):
U†

1U2 =MZBM−1,
where (·)† denotes the Moore-Penrose pseudo-inverse;

Build b〈T1〉
k =

[︂
1, zB,k, . . . , zT1−1

B,k

]︂T
, k ∈ {1, . . . ,K}.

4: Compute d〈T2〉′
amb,k =

(︂
b〈T1〉

k
H ⊗IT2

)︂
Umk, where mk is the kth column vector

of M;
Reorder the estimated set

{︁
b〈T1〉

k

}︁K
k=1 according to the grouping struc-

ture in (3.27), and apply the same permutation to
{︁

d〈T2〉′
amb,k

}︁K
k=1 and

{mk}K
k=1, resulting in:

D〈T2〉′
amb = [︁D〈T2〉′

amb,1, . . . ,D〈T2〉′
amb,G

]︁
, M= [M1, . . . ,MG].

5: For g ∈ [1,G]:

If Pg = 1: zDamb,g =
(︂

D〈T2〉
amb,g

)︂†
D〈T2〉

amb,g, Ng =mg;
Else:
Build UD,1 =D〈T2〉′

amb,g and UD,2 =D〈T2〉′
amb,g, and then implement EVD:

U†
D,1UD,2 =MDamb,g ZDamb,gM−1

Damb,g
;

Determine
{︁

zDamb,k
}︁kPg

k=k1
from ZDamb,g ;

Ng =MgMDamb,g .
End if

6: Construct
{︁

b〈L1〉
k

}︁K
k=1,

{︁
d〈L2〉

amb,k

}︁K
k=1, and N= [N1, . . . , NG], and then com-

pute
{︁

aMB,k
}︁K

k=1 through [69]

aMB,k =
(︃

b〈L1〉
k

H

b〈L1〉
k

H
b〈L1〉

k

⊗ d〈L2〉
amb,k

H

d〈L2〉
amb,k

H
d〈L2〉

amb,k

⊗IM

)︃
V∗Λck, where ck is the kth row

vector of matrix N−1.
7: With the obtained

{︁
zB,k

}︁K
k=1,

{︁
zDamb,k

}︁K
k=1, and

{︁
aMB,k

}︁K
k=1, the sensing

parameters {ϕk}K
K=1, {vk}K

K=1, and {θk}K
K=1 can be recovered accordingly.

8: Output:
{︁
θk,ϕk,vk

}︁K
k=1.
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3.5 Conclusion and Discussion

This chapter introduced a TD scheme for vehicular MIMO ISAC to flexibly
balance S&C performance requirements and proposed a novel multibeam
approach for high-accuracy sensing over a wide area. The TD strategy
addresses the simultaneous high demands for sensing performance and
communication rate by allocating time resources between S&C, while
avoiding spectrum and spatial interference. Building on the TD MIMO
ISAC framework, a multibeam design employing simple phase modulation
was developed, enabling flexible sensing coverage and improved parameter
estimation performance. The characteristics of null directions with respect
to the parameter Mv and beam selection were investigated, and the issue of
velocity ambiguity for targets located at null directions, a critical limitation
of conventional DDMA-based methods, was addressed with a corresponding
solution provided. Moreover, a newly derived uniqueness condition for
PARAFAC involving two Vandermonde factor matrices was developed for
sensing parameter estimation based on PARAFAC decomposition.

While the proposed multibeam TD ISAC framework demonstrates promis-
ing performance, several issues remain to be addressed to complete this
work. First, the multi-UE TD ISAC case is worth further study, particu-
larly regarding user scheduling and beam allocation strategies. Second,
the TD scheme leads to reduced SE due to non-overlapping time alloca-
tion. Although separate S&C beamformers are designed to optimize their
respective performance, sensing beams may potentially be reused to carry
communication information, thereby mitigating the SE loss caused by the
TD scheme. Spatial sharing may represent a potential means to further
enhance SE, provided that it does not degrade sensing performance or
introduce significant implementation complexity. Finally, to enhance prac-
tical applicability, future research may focus on the adaptability of the
proposed method to dynamic channel conditions, as well as its robustness
against RCS uncertainty, imperfect CSI, and other forms of imperfect prior
knowledge.
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4. Pilot Contamination-Aware Graph
Attention Network for Power Control
in CFmMIMO

As discussed in Subsection 1.1.5, power control remains one of the major
challenges in CFmMIMO systems due to the large-scale nature of the
networks, and learning-based algorithms have been developed as a promis-
ing candidate to meet the stringent real-time demands for 6G wireless
systems. Meanwhile, as the number of UEs grows, the limited set of avail-
able orthogonal pilot sequences becomes increasingly inadequate, leading
to severe pilot contamination and degraded channel estimation accuracy.
This degradation subsequently impairs communication performance, high-
lighting the necessity of explicitly considering pilot contamination when
addressing power control in CFmMIMO systems.

Various neural network architectures have been explored for power con-
trol, including convolutional neural networks [26, 33], transformer-based
networks [27], and graph neural networks (GNNs) [28, 29, 72, 73, 74].
Among them, GNNs have demonstrated particularly strong performance,
primarily due to their structural similarity to cell-free wireless networks
[72, 73]. However, existing GNN-based methods assume perfectly orthogo-
nal pilot sequences and therefore neglect the effect of pilot contamination,
an assumption that is generally unrealistic in CFmMIMO deployments.

To bridge this gap, this chapter presents a pilot contamination-aware
graph attention network for power control in CFmMIMO systems. Specif-
ically, the CFmMIMO signal model is first introduced, and then the cor-
responding power control optimization problem is formulated. A detailed
description of the proposed neural network is then provided, including its
graph representation and layer-wise architecture design. Finally, numeri-
cal results are presented to demonstrate the superior performance of the
proposed approach.
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4.1 Power Control Optimization in CFmMIMO

4.1.1 Signal Model of CFmMIMO

Consider the downlink power control in a CFmMIMO system, in which
UEs are jointly served by APs sharing the same time-frequency resources,
and all APs operate in a synchronized manner. Coordinated by a central
processing unit (CPU), APs collaboratively perform resource allocation
tasks based on aggregated large-scale fading information, including power
allocation, pilot assignment, and AP selection. Meanwhile, each AP inde-
pendently copes with small-scale fading by locally estimating channels and
applying its own beamforming scheme. The system operates in TD duplex
mode and consists of randomly distributed M APs and K single-antenna
UEs, where each AP is equipped with N antennas.

Assuming a block-fading channel model, where the channel states remain
constant over a coherence block of Tc symbols, the uplink channel from the
kth UE to the mth AP can be expressed as

gm,k =
√︁
βm,khm,k, (4.1)

where βm,k denotes the large-scale fading coefficient, while hm,k ∈CN repre-
sents the small-scale fading coefficient vector. The entries of hm,k are IID
complex Gaussian random variables with zero mean and unit variance,
i.e., C N (0,1).

Pilot sequences of length Tp (Tp ≪ Tc) are used for channel estimation dur-
ing the uplink training stage. Assuming channel reciprocity, the downlink
channels can be estimated using the uplink pilots. Let the pilot sequence
assigned to the kth UE be

√︁
Tpϕk ∈ CTp with ∥ϕk∥2 = 1. Serving a large

number of UEs simultaneously results in Tp < K , thereby causing pilot
contamination. Therefore, one of the primary objectives of this chapter is
to address the impact of pilot contamination in power control. During the
uplink training phase, the received signal at the mth AP can be described
as

Yup
m =

√︁
ζpTp

K∑︂

i=1

gm,iϕ
H
i +Wup

m , (4.2)

where ζp represents the normalized transmit SNR per pilot symbol and
Wup

m ∈CN×Tp is the noise matrix with IID entries following C N (0,1). The
minimum mean square error channel estimate can be derived as [75]

ĝm,k =
√︁
ζpTpβm,k

1+ζpTp
∑︁K

i=1βm,i
⃓⃓
ϕH

i ϕk
⃓⃓2 Yup

m ϕk, (4.3)

and the mean square of each entry of ĝm,k is given by

gm,k = E
[︂⃓⃓

ĝm,k[n]
⃓⃓2]︂=

ζpTpβ
2
m,k

1+ζpTp
∑︁K

i=1βm,i
⃓⃓
ϕH

i ϕk
⃓⃓2 . (4.4)
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Let the power control coefficient matrix be M ∈RM×K , where the (m,k)-th
element, denoted by µm,k, represents the power control coefficient for the
signal transmitted from the mth AP to the kth UE. A practical constraint
on the transmit power per AP is considered, which is given by

⃦⃦
µm
⃦⃦2 ≤ 1

N ,
then the feasible set of M can be described as

S =
{︂

M |µm,k ≥ 0,
⃦⃦
µm
⃦⃦2 ≤ 1

N
,∀m,k

}︂
, (4.5)

where µm denotes the mth row of M. Let sk be the data symbol transmitted
to the kth UE, satisfying E

[︁|sk|2
]︁= 1, and let ζd represent the maximum

downlink transmit power per symbol at each AP normalized by noise power.
Then, the downlink signal transmitted from the mth AP using conjugate
beamforming can be expressed as

xm =
√︁
ζd

K∑︂

k=1

µm,k√︁
gm,k

ĝ∗
m,ksk. (4.6)

Assuming IID Gaussian noise with zero mean and unit variance at UEs,
and applying the use-and-then-forget bounding technique, the SINR for
the kth UE can be derived as [75]

γk =
ζd
(︁
µT

kνk,k
)︁2

∑︁K
i=1
i ̸=k

ζd
(︁
µT

i νi,k
)︁2 + ζd

N
∑︁K

i=1

⃦⃦
BD,kµi

⃦⃦2 + 1
N2

, (4.7)

where µk is the kth column of M, BD,k is a diagonal matrix with diagonal
elements

√︁
β1,k, . . . ,

√︁
βM,k, and the mth element of νi,k ∈RM is given by

νi,k[m]=
⃓⃓
ϕH

i ϕk
⃓⃓√︂

gm,i
βm,k

βm,i
. (4.8)

The downlink network SE of the kth UE is then given by

SEk =
(︃

1− Tp

Tc

)︃
log2

(︁
1+γk

)︁
. (4.9)

4.1.2 Optimization Problem Formulation

Let B ∈RM×K++ denote the large-scale fading coefficient matrix, with βm,k as
its (m,k)-th entry. LetΦ ∈RK×K+ be the pilot allocation matrix, whose (i, j)-th
entry is

⃓⃓
ϕH

i ϕ j
⃓⃓
. Here, RM×K++ and RM×K+ denote the sets of M×K matrices

with positive and non-negative real entries, respectively. According to (4.7)
and (4.9), the SE is a function of the power control coefficient matrix M
and the pilot allocation matrix Φ for a given large-scale fading matrix B.

Aiming to achieve uniform SE across all UEs, we adopt a max-min
fairness criterion and formulate the objective as

maximize
M

{︂
min

1≤k≤K
SEk(M;Φ,B)|M ∈S

}︂
. (4.10)

45



Pilot Contamination-Aware Graph Attention Network for Power Control in CFmMIMO

Using a smoothing technique with smoothing parameter λs, the objective
function in (4.10) can be reformulated as [75]

u(M;Φ,B)=− 1
λs

log

(︄
1
K

K∑︂

k=1

exp
(︁−λs SEk(M;Φ,B)

)︁
)︄

. (4.11)

To address the optimization problem in (4.11), we develop a learning-
based approach in which a deep neural network models the mapping
M = f (Φ,B;Θ), where f maps the pilot allocation matrix Φ and the large-
scale fading matrix B to the power control matrix M. Here, Θ denotes the
trainable network weights. Within this framework, the network learns
the mapping from its input to the desired power control coefficients M
with the objective of maximizing the function in (4.11), ultimately yielding
the optimal network weights Θopt. Moreover, the network is trained in a
self-supervised manner, using unlabeled data as the training input.

4.2 Graph Attention Network for Power Control Optimization

GNNs are a class of deep learning models tailored for graph-structured
data, where nodes represent entities and edges depict their interactions.
Graph attention networks extend GNNs by assigning learnable attention
weights to edges, allowing the model to focus on more relevant connections.
By mapping the CFmMIMO network to a graph structure, graph attention
networks can efficiently capture the relationship among APs and UEs and
naturally adapt to large-scale topologies. Therefore, the graph attention
network presents a promising solution to the CFmMIMO power control
problem.

4.2.1 Graph Representation

To effectively capture the complex dependencies and interactions among
UEs and APs in CFmMIMO networks, we model the network as a het-
erogeneous graph, denoted by G = (V ,E ), and this graph is composed of a
set of nodes V and edges E . Each node represents a unique AP-UE pair,
and it is indexed by v = M(k−1)+m, where m ∈ {1, . . . , M}, k ∈ {1, . . . ,K}. The
bidirectional edge between the ith and jth nodes is denoted as e i, j for i ̸= j.
To capture the different dependencies between nodes, edges are categorized
based on whether the connected nodes share the same AP, the same UE,
or neither:

• AP-type edges (eAP
i, j ): Nodes share the same AP.

• UE-type edges (eUE
i, j ): Nodes share the same UE.

• No connection: Nodes that share neither an AP nor a UE, no edge
existing between them.
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Figure 4.1. Illustration of graph characteristics.

To enable pilot contamination awareness, the pilot allocation matrix Φ
is used as an attribute for AP-type edges, capturing the orthogonality
of pilot sequences among UEs served by the same AP. Specifically, the
(k1,k2)-th element of Φ, denoted by ϕk1,k2

, is assigned to AP-type edges
connecting nodes associated with the k1-th and k2-th UEs. Within the
GNN framework, we define ϕi, j =ϕk1,k2

to represent the pilot contamination
information between nodes i and j, which are respectively associated with
k1-th and k2-th UEs.

The characteristics of the proposed graph structure, including the node
feature representation xi(t), the AP-type edges with ϕi, j, and the UE-type
edges, are shown in Fig. 4.1. This design allows the network to effectively
capture the relationship between APs and UEs while accounting for pilot
contamination.

4.2.2 Proposed Graph Attention Network Model

The proposed graph neural network consists of three blocks, which are
elaborated in the following.

1) Preprocessing Stage: Considering that the large-scale fading coeffi-
cients span multiple orders of magnitude, the natural logarithm operation
is first applied to each element of B, yielding Blog. Blog is then standard-
ized to zero mean and unit variance across all elements, resulting in Bstd.
Next, the row-wise scaling and shifting are applied to Bstd, which can be
expressed as

Bpre = (︁α1T
K
)︁⊙Bstd +β1T

K , (4.12)

where α and β respectively denote the trainable parameters for scaling
and shifting, and 1K is an all-ones vector of length K . The resulting matrix
Bpre is then vectorized into b ∈RMK×1.

2) Attention Mechanism Block: The attention mechanism enables the
model to focus on specific parts of the input data by assigning different
levels of importance to each component. To capture the inter-node rela-
tionship, a single-head attention mechanism is employed. The attention
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mechanism block consists of T = 4 hidden layers, and input and output
features of tth graph layer for the ith node are denoted as xi(t−1) and xi(t),
t = 1, . . . ,T, with b as the input to the first layer, i.e., xi(0). The respective
output sizes of 4 layers are 32, 64, 64, and 64. The attention mechanism
structure will be detailed in Subsection 4.2.3.

3) Postprocessing Stage: Following the attention mechanism block, post-
processing is performed on xi(4) to refine the node feature representation
and ensure the final network output lies within the feasible solution set. A
combination of linear and nonlinear processing is first performed, yielding
the following output

Y1 =L2

(︂
ReLU

(︁
L1(X(4))

)︁)︂
, (4.13)

where the ith row of X(4) ∈ RMK×64 is xi(4), L1 and L2 denote two dis-
tinct linear transformations, each mapping a 64-dimensional input to a
64-dimensional output, and ReLU(·) represents the rectified linear unit
activation function.

Next, the node representation vectors are passed through another linear
transformation to map them into scalar values. Subsequently, additional
processing steps, similar to those in [27], are applied to obtain the tar-
geted power control coefficients, M̂. These post-processing procedures are
summarized as

y2 = exp
(︂
−SoftPlus

(︁
L3(Y1)+6

)︁)︂
,

M̂=ProjS (Y2).
(4.14)

Here, SoftPlus(·) is the Softplus activation function, L3 is a linear function
that maps a vector to a scalar value, and Y2 ∈RM×K is obtained by reshaping
y2. To extract the power control coefficients for the active UEs while
satisfying the constraints in (4.5), the projection operation ProjS (·) in [75]
is applied at the final step.

4.2.3 Attention Mechanism for Graph Neural Network

For the proposed attention mechanism block, all layers share the same
structure and differ only in the sizes of their inputs and outputs. There-
fore, we use the tth layer as a representative example to illustrate the
network structure. The output node representation vector of the tth layer
is computed by

xi(t)=Norm
(︂

ReLU
(︁
yAP

i (t)+yUE
i (t)

)︁)︂
. (4.15)

Here, Norm(·) denotes the normalization operation. yAP
i (t) represents the

component of the update produced by the attention mechanism based
on the information from nodes associated with the same APs as the ith
node and the corresponding pilot coherence information ϕi, j, which can be
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described by

yAP
i (t)=L

AP,t
1

(︁
xi(t−1)

)︁+L
AP,t
5

⎛
⎝∑︂

j∈V AP
i

αAP
i, j

[︂
L

AP,t
2

(︁
x j(t−1)

)︁+L t
ϕ

(︁
ϕi, j
)︁]︂
⎞
⎠ ,

(4.16)

αAP
i, j =

⟨︂
L

AP,t
3

(︁
xi(t−1)

)︁
,L AP,t

4
(︁
x j(t−1)

)︁+L t
ϕ

(︁
ϕi, j
)︁⟩︂

∑︁
u∈V AP

i

⟨︂
L

AP,t
3

(︁
xi(t−1)

)︁
,L AP,t

4
(︁
xu(t−1)

)︁+L t
ϕ

(︁
ϕi,u

)︁⟩︂ . (4.17)

Here, L
AP,t
q (q = 1, . . . ,5) represents 5 different linear transformations used

to capture information from AP-type edges, while L t
ϕ is a linear trans-

formation that captures pilot contamination information in the tth layer.
Moreover, V AP

i represents the set of nodes that share the same AP as the
ith node, and the similarity function is defined as 〈a,b〉 = exp

(︁
aTb/

⎷
D
)︁
,

where D is the length of a.
Note that yUE

i (t) is obtained in a similar manner but without accounting
for pilot contamination. This is because the update relies solely on infor-
mation from nodes associated with the same UE, where no pilot allocation
competition occurs. Specifically, L t

ϕ (·) is omitted since pilot contamination
only occurs between UEs.

4.2.4 Padding Strategy for Dataset Preparation

To satisfy the requirement in modern deep-learning frameworks such as
PyTorch, where all tensors within a batch must share the same dimensions,
we adopt a zero-padding strategy to handle training samples with a varying
number of UEs. Specifically, the number of UEs K is fixed to a predefined
maximum value Kmax within the coverage area. When the actual number
of UEs, denoted by Kact, is smaller than Kmax, additional Kmax−Kact virtual
UEs are introduced as padding. During data preparation, zero-padding
is applied to B and Φ, producing padded inputs of sizes M ×Kmax and
Kmax ×Kmax, respectively. To eliminate the influence of padded UEs, the
following modifications are made. In (4.14), Y2 is replaced with Y2Φmask;
in (4.16), the attention coefficient αAP

i, j is modified to ϕ j, jα
AP
i, j . Here, Φmask

is diagonal whose diagonal entries match those of Φ after padding.

4.3 Experiment Results

The performance of the proposed method is evaluated in comparison with
two other power allocation methods. The APG method, a conventional
optimization-based method as described in [75], is used as a baseline to
evaluate the effectiveness of the proposed graph attention network. The
transformer-based method in [27], referred to as PAPC, is also included as a
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representative learning-based benchmark. Given that existing GNN-based
approaches typically assume pilot contamination-free scenarios, while the
proposed method explicitly addresses pilot contamination, they are not
considered in the comparative evaluation.

The empirical cumulative distribution function (CDF) of the per-UE SE
is used to visualize the SE distribution. Besides, we provide the running
times of methods to evaluate their feasibility in real-time applications.

Table 4.1. Parameters for 5 scenarios.

Parameters Scen. 1 Scen. 2 Scen. 3 Scen. 4 Scen. 5
Coverage Area (km2) 0.16 0.32 0.32 0.32 0.32

M 16 32 32 64 64

Kmax 8 20 20 40 40

Kmin 8 20 10 40 20

Pilot Contamination × ✓ ✓ ✓ ✓
Varying UEs × × ✓ × ✓

Training Samples 50K 100K 800K 100K 800K

To evaluate the adaptability and scalability of the proposed method,
the performances of the three methods are assessed across five scenarios.
The parameter settings for the five scenarios are listed in Table 4.1. For
example, in Scenario 1, Kmax = 8 UEs are served by M = 16 APs, with both
UEs and APs uniformly randomly distributed within a coverage area of
0.16km2 in both the training and test datasets.1 Since Kmax < Tp in this
case (Tp = 18 is assumed), no pilot contamination occurs. The number of
UEs is fixed, so K = Kmax = Kmin for all samples. If the number of UEs is
varying, as in Scenarios 3 and 5, the number of UEs varies within the range
[Kmin,Kmax]. In Scenarios 2-5, where Kmax > Tp, pilot contamination arises.
All scenario results are evaluated on 500 test samples, and the number of
training samples used for each scenario is provided in Table 4.1 as well.
It is emphasized that, for each scenario, the training data preparation
and model training are performed offline and need to be conducted only
once. The resulting trained model can then be applied to different UE–AP
network configurations without requiring retraining.

The CDF results for the five scenarios are provided in Fig. 4.2. In Figs.
4.2 and 4.3, the proposed Graph Attention network method is labeled
as GAT. For the max-min fairness objective, a steeper CDF curve that
shifts towards the right indicates better performance, reflecting improved
fairness among UEs and higher SEs for all UEs. From Fig. 4.2, it is evident
that the proposed method consistently outperforms both APG and PAPC

1The generalizability of the trained model when training and test datasets follow
different UE-AP deployment distributions depends on how well the test deploy-
ments are represented in the training dataset. A systematic investigation of this
generalizability is important, but it is out of the scope of this work.
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across all scenarios, demonstrating the proposed method’s adaptability
to different network settings, including variations in network size, pilot
contamination, and whether the number of UEs is fixed or varying. In
Scenarios 3 and 5, the CDF curves rise less sharply than in other scenarios.
This is due to the varying number of active UEs in each test sample, which
results in a wider distribution of SE per UE.
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Figure 4.2. Result comparison between 3 methods across 5 scenarios.
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Figure 4.3. Performance comparison for the proposed method trained with a varying
number of UEs but tested with fixed UEs.

Next, to evaluate the flexibility of the proposed method, the models
trained in Scenarios 3 and 5 with varying numbers of UEs are tested
under fixed UE settings, specifically K = 20 for Scenario 3 and K = 40 for
Scenario 5. As shown in Fig. 4.3, the models trained on datasets with
varying numbers of UEs still perform well, even outperforming the APG
method.

The runtime for each method across different scenarios is presented in
Table 4.2. CPU measurements were obtained on a 64-bit Windows system
with 16 GB RAM and an Intel Core i5 (2.60 GHz), while GPU measure-
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ments were obtained using an NVIDIA A40. As shown, in Scenario 5 with
64 APs and 40 UEs, the APG method requires 5.5185[s] of GPU processing
time, whereas the proposed method achieves only 2.2[ms] on the GPU
and 592[ms] on the CPU. This highlights the real-time capability of the
proposed method and its potential for power control in real-time appli-
cations. While the PAPC method exhibits a slightly lower runtime than
the proposed model, the improved performance of the proposed approach
justifies this negligible difference.

Table 4.2. Runtime comparison between methods (in seconds).

Scen. 1 Scen. 3 Scen. 5

CPU GPU CPU GPU CPU GPU

APG 1.5626 1.1391 3.5581 2.4226 11.2485 5.5185

PAPC 0.0022 0.0012 0.0134 0.0013 0.0167 0.0014

Proposed 0.0083 0.0020 0.0613 0.0021 0.5920 0.0022

4.4 Conclusion and Discussion

This chapter presented an attention mechanism enhanced GNN model
for power control in CFmMIMO systems. The developed model effectively
captures information from neighboring nodes through an attention mecha-
nism and explicitly accounts for pilot contamination by incorporating the
cross-correlation of pilot sequences as an input. Moreover, it can adapt to
dynamic scenarios with a varying number of UEs using a padding mech-
anism. In addition, the network is trained in a self-supervised manner,
thereby reducing the computational burden associated with computing the
power control coefficients. Experimental results show that the proposed
GNN model achieves performance comparable to that of APG while signifi-
cantly reducing the computational complexity, and it outperforms the pilot
contamination-aware transformer-based neural network, highlighting the
suitability of GNNs for CFmMIMO applications. The real-time capability
of the proposed approach further underscores its potential to meet the
ultra-low-latency requirements expected in future 6G applications.
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5. Conclusion and Future Research
Directions

5.1 Conclusion

This thesis addressed critical research challenges in future 6G wireless
systems, focusing specifically on waveform design for vehicular ISAC and
power control in CFmMIMO systems. Driven by the stringent performance
demands of 6G networks, a set of methodologies was developed, as outlined
below.

First, this thesis addressed the problem of TB design in MIMO sensing
systems. A slow-time TB design was developed to improve transmit energy
distribution while preserving waveform diversity. Based on the design, a
new tensor-based signal model was formulated, and PARAFAC decomposi-
tion was employed, enabling accurate parameter estimation and resolving
velocity ambiguity.

Second, this thesis investigated ISAC in vehicular scenarios. A TD ISAC
framework was first introduced to flexibly balance the requirements of
S&C. Within this framework, a multibeam sensing strategy was devel-
oped to achieve wide-area coverage and improved direction estimation
accuracy compared to conventional beam-scanning approaches. The im-
pact of beamforming-induced null directions was analyzed, and an effec-
tive solution was provided. Moreover, a new identifiability condition for
Vandermonde-structured factor matrices was established for PARAFAC-
based parameter estimation.

Third, power control in CFmMIMO systems under pilot contamination
was studied. A GNN model enhanced with an attention mechanism was
proposed to solve the max–min fairness power allocation problem. By
exploiting graph-structured representations, the proposed model signif-
icantly reduces the computational complexity compared to conventional
optimization-based approaches while exhibiting superior performance.
Furthermore, the model demonstrates scalability with respect to network
size and adaptability to a dynamic number of UEs. In addition, a self-
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supervised training strategy was adopted, eliminating the need for labeled
data and thereby enhancing practical deployability.

To conclude, this thesis presented a comprehensive and effective frame-
work for tackling key challenges in 6G systems, delivering promising
solutions that advance the development of future wireless networks.

5.2 Future Research Directions

Following the research topics addressed in this thesis, multiple promising
directions for further investigation remain.

The proposed TB design in Chapter 2 was developed under the assump-
tion of a ULA transmitter. Although ULAs are widely adopted in practical
radar systems, alternative array configurations are receiving increasing
attention as cost-effective and hardware-efficient solutions. Accordingly,
how transmit array configurations affect the transmit energy distribu-
tion under the proposed TB design, and whether the framework can be
adapted to non-ULA transmitters or a fundamentally different TB design
is required, remain important issues for future investigation.

Chapter 3 focuses on wide-coverage sensing within a TD vehicular ISAC
framework, while key communication protocol components such as inter-
slot guard intervals, frame boundary design, and synchronization overhead
are not explicitly modeled. Moreover, sensing requirements such as the
unambiguous detectable range, as well as the utilization of sensing results
to enhance communication performance, introduce additional coupling in
determining time allocation. Therefore, a more integrated design that
jointly considers protocol-level implementation under practical constraints
represents an important direction for future research.

Another further potential research direction is the extension of the pro-
posed attention-based GNN model to a hierarchical federated learning
framework for scalable power control in CFmMIMO systems. The GNN
model presented in Chapter 4 adopts a fully centralized architecture, which
incurs substantial communication overhead between the APs and the CPU.
In contrast, a hierarchical framework with adaptive clustering can be
adopted to enable localized training and aggregation within groups of
APs, thereby reducing the fronthaul signaling overhead and improving
robustness under statistically heterogeneous data distributions.
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Appendix: Derivation of (3.28)

Let the SVD of Y be Y = UΛVH, where U ∈ CT1T2×K , Λ ∈ CK×K , and V ∈
CL1L2M×K . Under condition (3.28a), which guarantees that B〈T1〉∗D〈T2〉

amb has
full column rank, there exists a nonsingular matrix M ∈ CK×K such that
UM=B〈T1〉∗D〈T2〉

amb. By exploiting the Vandermonde structure of B, we have
(︂

B〈T1〉∗D〈T2〉
amb

)︂
ZB =B〈T1〉∗D〈T2〉

amb, (1)

where ZB denotes a diagonal matrix with diagonal entries given by the
generators of B, namely zB,1, . . . , zB,K . Then we have

U1MZB =
(︂

B〈T1〉∗D〈T2〉
amb

)︂
ZB =B〈T1〉∗D〈T2〉

amb =U2M,

U1 =U
(︁
1 : (T1 −1)T2, :

)︁
, U2 =U

(︁
T2 +1 : T1T2, :

)︁
.

(2)

Since B〈T1〉∗D〈T2〉
amb has full column rank, U1 and U2 also have full column

rank. Hence, ZB can be obtained via EVD as U†
1U2 = MZBM−1. The set

{zB,k}K
k=1 can then be obtained by extracting the diagonal entries of ZB.

Next, we rearrange the estimated matrix B according to the grouping
structure specified in (3.27), and then apply the same ordering to M, yield-
ing M= [M1, . . . ,MG].

When Pg = 1, mg is used instead. If an eigenvalue, zB,g, is isolated, its
corresponding eigenvector is uniquely determined up to a scaling factor,
and thus, d〈T2〉

amb,g can be directly obtained by

d〈T2〉
amb,g =

(︁
b〈T1〉H

g ⊗IT2

)︁
Umg, (3)

where b〈T1〉
g is constructed using the estimated zB,g.

When an eigenvalue is repeated with multiplicity Pg > 1, its correspond-
ing eigenvectors span the associated eigenspace. Although these eigen-
vectors are mutually orthogonal, they are not unique, as any basis span-
ning the same eigenspace is valid. Consequently,

{︁
d〈T2〉

amb,k

}︁kPg
k=k1

cannot be
uniquely determined using (3). However, by exploiting the Vandermonde
structure of Damb, the set

{︁
zDamb,k

}︁kPg
k=k1

can still be recovered from Mg as
follows.
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Appendix: Derivation of (3.28)

Given a repeated eigenvalue zB,g with multiplicity Pg and its associated
eigenvectors

{︁
mk
}︁kPg

k=k1
, which correspond to the column vectors of Mg, we

apply the same procedure as in (3) to compute the estimates, but denote the
computed results as

{︁
d〈T2〉′

amb,k

}︁kPg
k=k1

to distinguish them from
{︁

d〈T2〉
amb,k

}︁kPg
k=k1

,
due to the non-uniqueness of the eigenvectors. Then we can have

D〈T2〉′
amb,g =

[︁
d〈T2〉′

amb,k1
,d〈T2〉′

amb,k2
, . . . ,d〈T2〉′

amb,kPg

]︁ ∈CT2×Pg , (4)

and it satisfies (︂
1T

Pg
⊗b〈T1〉

g

)︂
∗D〈T2〉′

amb,g =UMg. (5)

Construct UD,1 =D〈T2〉′
amb,g and UD,2 =D〈T2〉′

amb,g. Then, the set
{︁

zDamb,k
}︁kPg

k=k1
can

be obtained from ZDamb,g via EVD as follows:

U†
D,1UD,2 =MDamb,g ZDamb,gM−1

Damb,g
. (6)

Note that this EVD-based approach holds when both UD,1 and UD,2 are
full column rank, which explains why condition in (3.28c) is required to
guarantee the uniqueness of PARAFAC decomposition.

From (3.28a), it follows that
{︁

zDamb,k

}︁kPg
k=k1

are distinct for g = 1, . . . ,G. Us-
ing the EVD in (6), we can then obtain

D〈T2〉
amb,g =D〈T2〉′

amb,gMDamb,g . (7)

From (5) and (7), one can have
(︂

1T
Pg

⊗b〈T1〉
g

)︂
∗
(︂

D〈T2〉
amb,gM−1

Damb,g

)︂
=UMg, (8)

which yields to the equivalent formulation:
(︂

1T
Pg

⊗b〈T1〉
g

)︂
∗D〈T2〉

amb,g =UMgMDamb,g . (9)

Introduce the matrix Ng =MgMDamb,g , g = 1, . . . ,G. Note that, for an isolated
eigenvalue zB,g, we have Ng = mg. Consequently, (9) can be written in a
compact form as

B〈T1〉∗D〈T2〉
amb =UN, (10)

where N= [︁N1, . . . ,NG
]︁
.

Based on the above, the SVD of Y can be rewritten as

Y= (UN)
(︁
VΛ∗N−H)︁H =

(︂
B〈T1〉∗D〈T2〉

amb

)︂(︁
V∗ΛN−T)︁T

. (11)

With
{︁

zB,k
}︁K

k=1,
{︁

zDamb,k
}︁K

k=1, and N, the third factor matrix AMB can then
be obtained by

aMB,k =
⎛
⎝ b〈L1〉

k
H

b〈L1〉
k

H
b〈L1〉

k

⊗
d〈L2〉

amb,k
H

d〈L2〉
amb,k

H
d〈L2〉

amb,k

⊗IM

⎞
⎠V∗Λck, (12)

where ck is the kth row vector of matrix N−1.

62



Publication I

T. Zhang, F. Xu, and S. A. Vorobyov. Transmit Energy Focusing for Parame-
ter Estimation in Transmit Beamspace Slow-Time MIMO Radar. In IEEE
International Conference on Acoustics, Speech, and Signal Processing,
Rhodes Island, Greece, pp. 1–5, June 2023.

© 2023 IEEE
Reprinted with permission.

63





TRANSMIT ENERGY FOCUSING FOR PARAMETER ESTIMATION IN TRANSMIT
BEAMSPACE SLOW-TIME MIMO RADAR

Tingting Zhang1,2, Feng Xu2 and Sergiy A. Vorobyov2

1 School of Electronic and Optical Engineering, Nanjing University of Science and Technology, China
2 Department of Information and Communications Engineering, Aalto University, Finland

ABSTRACT

Recently, Parallel Factor-Direct (PARAFAC-Direct) method
has been proposed for parameter estimation including ve-
locity disambiguation for Doppler Division Multiple Access
(DDMA) Multiple-Input Multiple-Output (MIMO) radar.
However, DDMA MIMO radar spreads the overall trans-
mit energy into the entire spatial region, and therefore, suf-
fers from beam-shape loss that can limit the performance of
PARAFAC-Direct method. To solve this problem, a Transmit
Beamspace (TB) Slow-Time MIMO (ST-MIMO) approach
is proposed that focuses the transmit energy within a desired
spatial region. Unlike traditional DDMA MIMO radars, the
Doppler spectrum is divided into more subbands than the
number of transmit elements to reduce the mainlobe intervals
between adjacent beams formed by DDMA modulation vec-
tors. Then, the TB ST-MIMO beam set can be directed to
the spatial region of interest via a proper selection of DDMA
modulation vectors. Parameter estimation performance of TB
ST-MIMO is improved as compared to conventional DDMA
MIMO techniques. Simulations are conducted to validate the
proposed method.

Index Terms— PARAFAC, Parameter estimation, TB
ST-MIMO, Velocity disambiguation

1. INTRODUCTION

In the last two decades, intensive studies have been conducted
on Multiple-Input Multiple-Output (MIMO) radar [1–3] due
to its excellent multiple targets detection and parameter es-
timation performance. Depending on the application scenar-
ios, the design of orthogonal waveforms is critical to MIMO
radar systems. Many waveforms have been studied, includ-
ing Frequency Division Multiple Access (FDMA) [4], Code
Division Multiple Access (CDMA) [5], Time Division Mul-
tiple Access (TDMA) [6] and Doppler Division Multiple Ac-
cess (DDMA) [5, 7] waveforms. Each of them has its own
strengths and weaknesses. Among those waveforms, TDMA
waveform stands out due to its low hardware cost and ease of
implementation.

However, transmission capability of TDMA waveform is
underutilized when compared to other waveforms whose

transmit elements emit signals simultaneously. In other
words, TDMA waveforms suffer a shorter target detectable
range due to the loss of average transmit power. Moreover,
more transmit elements will be required for a higher demand
on the system performance in the future, further limiting
the performance of TDMA waveforms. To tackle this prob-
lem, DDMA technique has been proposed [8, 9]. Inheriting
the transmitter configuration of TDMA waveform, DDMA
achieves waveform diversity in Doppler domain by modulat-
ing each transmit channel with a different Doppler shift. The
transmission capability is fully utilized and transmit chan-
nel separation can be achieved through Doppler spectrum
division.

Direction of arrival (DOA) estimation is the key parameter
estimation problem in sensor array signal processing. Sensor
array processing tools range from non-parametric Fourier-
based methods [10] to parametric high-resolution techniques
such as Multiple Signal Classification (MUSIC) [11, 12]
and Estimation of Signal Parameters via Rotational Invari-
ance Technique (ESPRIT) [13]. To maintain the multi-linear
structure in the measurement data, tensor representation has
also been introduced. Algorithms including Parallel Factor
(PARAFAC) [14, 15] analysis techniques, Higher Order Sin-
gular Value Decomposition (HOSVD) [16] and constrained
tensor decomposition [17], have been proposed to achieve
better parameter estimation performance in low signal-to-
noise-ratio (SNR) cases. Recently, a PARAFAC-Direct ap-
proach [18] has been proposed to exploit the benefits of both
DDMA technique and tensor representation for slow-time
MIMO radar parameter estimation. Nevertheless, the main-
lobes shaped by DDMA modulation vectors are directed
across the whole spatial region rather than a certain limited
region of interest [8, 19], which causes serious beam-shape
loss problem that can degrade the parameter estimation per-
formance.

To solve this problem, a method called Transmit Beamspa-
ce (TB) Slow-Time MIMO (ST-MIMO) is proposed to opti-
mize the distribution of the transmit energy. Different from
the traditional DDMA MIMO technique, Doppler spectrum
is divided into more subbands than the number of transmit
elements. The mainlobes of two adjacent beams shaped by
DDMA modulation vectors get closer, which enables the TBIC

A
SS

P 
20

23
 - 

20
23

 IE
EE

 In
te

rn
at

io
na

l C
on

fe
re

nc
e 

on
 A

co
us

tic
s, 

Sp
ee

ch
 a

nd
 S

ig
na

l P
ro

ce
ss

in
g 

(I
C

A
SS

P)
 | 

97
8-

1-
72

81
-6

32
7-

7/
23

/$
31

.0
0 

©
20

23
 IE

EE
 | 

D
O

I: 
10

.1
10

9/
IC

A
SS

P4
93

57
.2

02
3.

10
09

55
17

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on February 10,2026 at 15:21:19 UTC from IEEE Xplore.  Restrictions apply. 



ST-MIMO beam set focused in a given spatial region. The
proposed method can also be regarded as achieving waveform
orthogonality by phase coding in slow time [20], and thus, it
is referred to as TB ST-MIMO. Then, PARAFAC approach
is used to improve the parameter estimation performance
including velocity disambiguation. The effectiveness of the
proposed method is validated by simulation experiments.

2. SIGNAL MODEL AND PROBLEM
FORMULATION

2.1. DDMA MIMO Radar

Consider a bistatic MIMO radar system equipped with Mt

transmit antennas and N receive antennas. Both of the trans-
mit and receive arrays are uniform linear arrays (ULAs), and
the spacings of two adjacent transmitters and receivers are
dt and dr measured in the propagation wavelength λ, respec-
tively. Assuming that there are K targets with θk, φk and fk
being the Direction of Departure (DOD), DOA and Doppler
frequency of kth target, respectively, the steering vectors of
transmit and receive arrays are

a (θk) =
[
1, e−j2πdt sin θk , · · · , e−j2πdt(Mt−1) sin θk

]T
,

(1)

b (φk) =
[
1, e−j2πdr sinφk , · · · , e−j2πdr(N−1) sinφk

]T
,

(2)
where (·)T denotes the transpose operation. We also assume
that Q pulses with pulse repetition interval (PRI) Tr are trans-
mitted in a single coherent processing interval (CPI) for each
transmit element.

Different from conventional MIMO transmission schemes
that achieve waveform diversity in fast time, DDMA MIMO
approach obtains orthogonality in slow time by phase-coding
the signals of different transmit channels with a predesigned
phase modulation matrix W ≜ [w1,w2, · · · ,wQ]Mt×Q.
Signals from different transmit elements are modulated with
different Doppler shifts. To divide the entire Doppler fre-
quency band into Mt subbands uniformly, the corresponding
Doppler shift of each transmit element is

fm = (m− 1)
PRF

Mt
,m = 1, 2, · · · ,Mt, (3)

where PRF = 1/Tr denotes the pulse repetition frequency.
For the qth pulse, the phase modulation vector wq for a trans-
mit array can be written as

wq = ej2πf(q−1)Tr , q = 1, 2, · · · , Q, (4)

where f = [f1, f2, · · · , fMt ]
T . After pulse compression and

range gating, the signal received by the nth receive element
for the qth pulse is

xnq =

K∑

k=1

σ2
ke

j2πfkqTr
(
aT (θk)wq

)
bn (φk) + znq, (5)

where σ2
k is the complex reflection coefficient of the kth tar-

get, bn (φk) denotes the nth element of b (φk), and znq is the
residual noise after pulse compression processing.

From (5), it can be seen that the transmit beampattern of
each pulse is determined by the DDMA modulation vector
wq . If wq is designed properly, the overall transmit power
distribution can be optimized and the parameter estimation
performance can be improved accordingly.

2.2. Parameter Estimation using PARAFAC

For the nth receive element, the received signal in a single CPI
can be constructed as a vector xn = [xn1, xn2, · · · , xnQ]

T .
Applying the fast Fourier transform to xn in slow time, Mt

peaks with an adjacent distance ∆f = PRF/Mt are uni-
formly distributed along the target range slice for each target.

To separate the signal of each transmit channel, phase de-
modulation is applied to shift the signal of each transmit chan-
nel to baseband in the Doppler domain separately. By lowpass
filtering with cutoff frequency ∆f/2 and range gating, signals
of N ×Mt virtual transmit-receive channels can be obtained.
Note that the uniform division of Doppler frequency spectrum
declines the sampling rate to PRF/Mt, the number of pulse
samples is decreased by Mt times.

Storing the separated signal in a three-dimensional (3-D)
tensor χ of size Mt ×N × (Q/Mt), we have

χ =

K∑

k=1

σ2
ka (θk) ◦ b (φk) ◦ d̃ (fk) + Z, (6)

where ◦ denotes the outer product, Z is the noise tensor af-
ter spectrum division, and the kth column of the third factor
matrix is given by

d̃ (fk) ≜
[
d1 (fk) , d1+Mt

(fk) , · · · , d1+Mt(P−1) (fk)
]T

,
(7)

where dq (fk) = ej2πfk(q−1)Tr , q = 1, 2, · · · , Q and P =
Q/Mt is assumed to be an integer. The factor matrices A, B
and D̃ of the constructed tensor are denoted by

A ≜ [a (θ1) ,a (θ2) , · · · ,a (θK)]

B ≜ [b (φ1) ,b (φ2) , · · · ,b (φK)]

D̃ ≜
[
d̃ (f1) , d̃ (f2) , · · · , d̃ (fK)

]
.

(8)

To estimate the factor matrices, PARAFAC decomposi-
tion via Alternating Least Squares (ALS) can be used [9, 15].
Taking the first factor matrix for example, the problem of es-
timating A boils down to solving the following optimization
problem

Â← min
Â

∥∥∥χ(1) −
[
(B⊙ D̃)ÂT

]∥∥∥
2

F
, (9)

where χ(1) is the mode-1 unfolding of tensor χ, ⊙ stands for
the Khatri-Rao product of two matrices, and ||·||F denotes the

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on February 10,2026 at 15:21:19 UTC from IEEE Xplore.  Restrictions apply. 



Frobenius norm of a matrix. As a result, parameter estimation
including target DOD, DOA and velocity can be achieved for
DDMA MIMO radar.

3. PROPOSED TB ST-MIMO METHOD

3.1. Slow-time Transmit Beamspace Design

Rewriting (4) as

wq =
[
1, ej2π

(q−1)
Mt , · · · , ej2π

(Mt−1)(q−1)
Mt

]T
, (10)

and comparing it with the transmit steering vector in (1), the
DDMA modulation vector wq can be regarded as a beam-
forming vector of the transmit ULA. Given that wq varies
from pulse to pulse periodically, the beamforming direction
of (10) sweeps across the entire spatial region with a cycle of
Mt pulses. The corresponding mainlobe directions θb for the
first Mt pulses can be denoted by

sin θb =
q − 1

Mtdt
, q = 1, 2, · · · ,Mt. (11)

If some certain pulses are selected from each period, the
transmit energy can be focused within a spatial region of in-
terest. Meanwhile, it can be found that the value of Mt in-
fluences the mainlobe interval of two adjacent beams. If the
whole Doppler spectrum is divided into more than Mt pieces,
the mainlobe interval between two adjacent beams can be
narrowed down, and more mainlobes can be focused within
a desired spatial region. For clarity of description, we use
Mv to denote the total number of subbands after dividing
the Doppler spectrum.1 Then, the phase modulation vector
wTB,q can be expressed as

wTB,q =
[
1, ej2π

(q−1)
Mv , · · · , ej2π

(Mt−1)(q−1)
Mv

]T
. (12)

Knowing the value of Mv and the desired region, there are
M < Mv pulses whose beamforming mainlobes are directed
to the desired region in every Mv pulses. The modulation vec-
tors for these M pulses are selected to construct a new phase
modulation matrix WTB for TB ST-MIMO radar, given by

WTB ≜


W0,W0, · · · ,W0︸ ︷︷ ︸

Q/M



Mt×Q

, (13)

where W0 ≜ [wTB,q1 ,wTB,q2 , ...,wTB,qM ]Mt×M and
{q1, q2, · · · , qM} are the indices of the selected pulses from
the first period. Here Q/M is assumed to be an integer. Note
that any set of consecutive Mt Doppler shifts can be chosen
for the Mt transmit channels.

1For traditional DDMA MIMO technique, Mv = Mt.

With a larger Mv, the mainlobes of two adjacent beams
become closer, and thus, more beams in each period can be
focused within a certain spatial region. By a proper selection
of DDMA modulation vectors, the transmit energy can be fo-
cused within a desired region and the optimization of energy
distribution can be realized.

3.2. PARAFAC for TB ST-MIMO Radar

Although PARAFAC decomposition can be applied to DDMA
MIMO radars after separating all transmit-receive channels in
slow-time, the useful information contained in the data mea-
surement for velocity estimation is partly lost due to pulse
data downsampling. As a result, velocity ambiguity will arise
when the factor matrix D̃ in (8) is used for target velocity
estimation. To tackle this problem, the PARAFAC method is
used in this paper. Velocity information contained between
pulses can be preserved, and thus, velocity ambiguity can be
resolved.

Restoring the received signal of TB ST-MIMO radar in a
matrix X of size N ×Q, we have

X = (p⊙B)
[(
WT

TBA
)
∗D

]T
+ Z, (14)

where p ≜
[
σ2
1 , σ

2
2 , · · · , σ2

K

]
, ∗ denotes Hadamard product,

and
D ≜ [d (f1) ,d (f2) , · · · ,d (fK)]

d (fk) ≜ [d1 (fk) , d2 (fk) , · · · , dQ (fk)]
T
.

(15)

The (n, q)-th element of matrix Z is znq .
Taking advantage of the periodicity of phase modulation

matrix WTB, X can be re-expressed as

X = (p⊙B)
[
H̃⊙ATB

]T
+ Z, (16)

where H̃ ≜
[
h̃ (f1) , h̃ (f2) , · · · , h̃ (fK)

]
, and h̃ (fk) can be

obtained simply by substituting Mt with M in d̃ (fk) defined
in (7). Matrix ATB can be further denoted by

ATB =
(
W0

TA
)
∗D0, (17)

where D0 consists of the first M columns of D. Stacking X
in (16) into a 3-D tensor of size M ×N × (Q/M), we have

χD =

K∑

k=1

σ2
kaTB (θk) ◦ b (φk) ◦ h̃ (fk) + ZD. (18)

where ZD is the noise tensor of size M ×N × (Q/M).
Comparing (6) with (18), the lost velocity information is

preserved in ATB ≜ [aTB (θ1) ,aTB (θ2) , ...,aTB (θK)] in
(18). The unambiguous velocity can be restored by combin-
ing H̃ and D0. With the obtained factor matrices B, ATB

and H̃ after tensor decomposition, ESPRIT is used to esti-
mate DOA, and the minimum mean squared error estimation
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Fig. 1. Comparison of transmit energy distribution.

algorithm and least squares method are employed to estimate
DOD and velocity, respectively. Details of parameter estima-
tion can be also found in [18].

By exploiting the PARAFAC algorithm and the proposed
TB ST-MIMO approach, we can improve the parameter esti-
mation performance and achieve velocity disambiguation si-
multaneously.

4. SIMULATION RESULTS

In this section, we compare the parameter estimation perfor-
mance of the proposed method with three other existing meth-
ods including original PARAFAC-Direct [18], PARAFAC [9]
and ESPRIT [13] for bistatic DDMA MIMO radars.

In our simulations, we let Mt = 8 and N = 12 with dt
and dr being half the working wavelength. For each CPI, we
consider Q = 80 pulses with Tr = 12µs. Assuming there
are K = 2 targets following Swerling I model, the DODs and
DOAs are set as {−4◦, 13◦} and {10◦,−17◦} with complex
reflections {σ2

k} chosen from the standard Gaussian distribu-
tion randomly. The number of Monte Carlo trials is 400.

Assuming that the desired spatial region [−30◦, 30◦] is
known a priori, the entire Doppler spectrum is divided into
Mv = 16 subbands for the proposed TB ST-MIMO approach.
Specifically, there are a total of M = 8 different beams di-
recting to the desired spatial region. The indices of the se-
lected pulses among the first 16 pulses and the corresponding
beam directions {sin θb} are {1, 2, 3, 4, 13, 14, 15, 16} and
{0, 1/8, 1/4, 3/8,−1/2,−3/8,−1/4,−1/8}, respectively.
The corresponding modulation vectors are selected to build
the new modulation matrix W0.

As a result, the transmit energy can be focused within
the desired region. The comparison of transmit energy distri-
bution between the proposed method and traditional DDMA
MIMO technique can be found in Fig. 1. It can be seen that

Fig. 2. RMSEs versus SNR for different parameters estima-
tion approaches including DOD, DOA and velocity.

the transmit energy is mostly distributed within the desired
spatial region. A higher SNR gain can be obtained as com-
pared to traditional DDMA techniques, which can improve
the parameter estimation performance.

Finally, let us compare the parameter estimation perfor-
mance by evaluating the results of root mean square errors
(RMSEs) versus SNR for DOA, DOD and velocity estimates.
It should be noted that RMSEs of direction estimation are
obtained by averaging those of DODs and DOAs which are
computed separately. Let ∆θk and ∆φk denote the RMSEs
of DOD and DOA for the kth target, the RMSEs of direction
estimation depicted in Fig. 2 are calculated by

RMSE =
1

2



√√√√ 1

K

K∑

k=1

∆θ2k +

√√√√ 1

K

K∑

k=1

∆φ2
k


 (19)

It can be found in Fig. 2 that the proposed method sur-
passes all the other methods by achieving a lower RMSE. Par-
ticularly, the proposed method outperforms Direct-PARAFAC
algorithm especially at low SNRs due to the optimization of
transmit energy.

5. CONCLUSION

We have proposed a TB ST-MIMO approach to improve the
parameter estimation performance while maintaining velocity
disambiguation. Unlike conventional DDMA MIMO tech-
niques, the proposed TB ST-MIMO method enables transmit
energy focusing via a specially designed phase modulation
matrix. Then, the PARAFAC algorithm has been used to im-
prove the parameter estimation performance especially in low
SNR region. Simulation results have verified that the pro-
posed TB ST-MIMO method has better parameter estimation
accuracy.

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on February 10,2026 at 15:21:19 UTC from IEEE Xplore.  Restrictions apply. 



6. REFERENCES

[1] J. Li and P. Stoica, “MIMO radar with colocated an-
tennas,” IEEE Signal Process. Mag., vol. 24, no. 5, pp.
106–114, Sep. 2007.

[2] A. M. Haimovich, R. S. Blum, and L. J. Cimini, “MIMO
radar with widely separated antennas,” IEEE Signal
Process. Mag., vol. 25, no. 1, pp. 116–129, Dec. 2008.

[3] I. Bilik, O. Longman, S. Villeval, and J. Tabrikian, “The
rise of radar for autonomous vehicles: signal processing
solutions and future research directions,” IEEE Signal
Process. Mag., vol. 36, no. 5, pp. 20–31, Sep. 2019.

[4] H. Sun, F. Brigui, and M. Lesturgie, “Analysis and com-
parison of MIMO radar waveforms,” in Proc. Int. Radar
Conf., Lille, France, Oct. 2014, pp. 1–6.

[5] W. van Rossum and L. Anitori, “Doppler ambiguity
resolution using random slow-time code division multi-
ple access MIMO radar with sparse signal processing,”
in Proc. IEEE Radar Conf., Oklahoma City, OK, USA,
Apr. 2018, pp. 0441–0446.

[6] C. M. Schmid, R. Feger, C. Pfeffer, and A. Stelzer, “Mo-
tion compensation and efficient array design for TDMA
FMCW MIMO radar systems,” in Proc. 6th Eur. Conf.
Antennas Propag. (EUCAP), Prague, Czech Republic,
Mar. 2012, pp. 1746–1750.

[7] F. G. Jansen, “Automotive radar doppler division MIMO
with velocity ambiguity resolving capabilities,” in Proc.
16th Eur. Radar Conf. (EuRAD), Paris, France, Oct.
2019, pp. 245–248.

[8] F. Xu, S. A. Vorobyov, and F. Yang, “Transmit
beamspace DDMA based automotive MIMO radar,”
Trans. Veh. Technol., vol. 71, no. 2, pp. 1669–1684, Feb.
2022.

[9] F. Xu, S. A. Vorobyov, and X. Yang, “Joint DOD
and DOA estimation in slow-time MIMO radar via
PARAFAC decomposition,” IEEE Signal Process. Lett.,
vol. 27, pp. 1495–1499, Aug. 2020.

[10] H. Krim and M. Viberg, “Two decades of array signal
processing research: the parametric approach,” IEEE
Signal Process. Mag., vol. 13, no. 4, pp. 67–94, Jul.
1996.

[11] A. Barabell, “Improving the resolution performance of
eigenstructure-based direction-finding algorithms,” in
Proc. IEEE Int. Conf. on Acoust., Speech, Signal Pro-
cess., Boston, MA, USA, Apr. 1983, vol. 8, pp. 336–
339.

[12] R. Schmidt, “Multiple emitter location and signal pa-
rameter estimation,” IEEE Trans. Antennas Propagat.,
vol. 34, no. 3, pp. 276–280, Mar. 1986.

[13] J. Chen, H. Gu, and W. Su, “Angle estimation using ES-
PRIT without pairing in MIMO radar,” Electron. Lett.,
vol. 44, no. 24, pp. 1422–1423, Nov. 2008.

[14] D. Nion and N. D. Sidiropoulos, “Tensor algebra and
multidimensional harmonic retrieval in signal process-
ing for MIMO radar,” IEEE Trans. Signal Process., vol.
58, no. 11, pp. 5693–5705, Nov. 2010.

[15] T. G. Kolda and B. W. Bader., “Tensor decompositions
and applications,” SIAM review, vol. 51, no. 3, pp. 455–
500, Aug. 2009.

[16] M. Haardt, F. Roemer, and G. Del Galdo, “Higher-order
SVD-based subspace estimation to improve the param-
eter estimation accuracy in multidimensional harmonic
retrieval problems,” IEEE Trans. Signal Process., vol.
56, no. 7, pp. 3198–3213, Jul. 2008.

[17] F. Xu, M. W. Morency, and S. A. Vorobyov, “DOA esti-
mation for transmit beamspace MIMO radar via tensor
decomposition with Vandermonde factor matrix,” IEEE
Trans. Signal Process., vol. 70, pp. 2901–2917, May
2022.

[18] L. Wang, B. Li, C. Yu, A. Liu, and X. Ji, “PARAFAC-
Direct: a joint parameters estimation method for slow-
time MIMO,” IEEE Signal Process. Lett., vol. 29, pp.
732–736, Feb. 2022.

[19] A. Hassanien and S. A. Vorobyov, “Transmit energy
focusing for DOA estimation in MIMO radar with colo-
cated antennas,” IEEE Trans. Signal Process., vol. 59,
no. 6, pp. 2669–2682, Jun. 2011.

[20] V. F. Mecca and J. L. Krolik, “Slow-time MIMO STAP
with improved power efficiency,” in Proc. 41st Asilomar
Conf. Signals, Syst., Comput., Pacific Grove, CA, USA,
Nov. 2007, pp. 202–206.

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on February 10,2026 at 15:21:19 UTC from IEEE Xplore.  Restrictions apply. 





Publication II

T. Zhang, S. A. Vorobyov, and F. Xu. Transmit Energy Focusing for Pa-
rameter Estimation in Slow-Time Transmit Beamspace L-Shaped MIMO
Radar. IEEE Transactions on Signal Processing, vol. 72, pp. 5228–5243,
Nov. 2024.

© 2024 The Authors
Reprinted with permission.

71





5228 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 72, 2024
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MIMO Radar
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Abstract—We present a novel slow-time transmit beamspace
(TB) multiple-input multiple-output (MIMO) technique for
L-shaped array radar with uniform linear subarrays to estimate
target parameters including 2-dimensional (2-D) directions of
arrival (DOA) and unambiguous velocity. Doppler division mul-
tiple access (DDMA) approach, as a type of slow-time waveform
achieving waveform orthogonality across multiple pulses within
a coherent processing interval, disperses the transmit energy
over the entire spatial region, suffering from beam-shape loss.
Moreover, Doppler spectrum division, which is necessary for
transmit channel separation prior to parameter estimation, leads
to the loss of crucial information for velocity disambiguation. To
optimize transmit energy distribution, slow-time TB technique is
proposed to focus the energy within a desired spatial region.
Unlike DDMA approach, slow-time TB technique divides the
entire Doppler spectrum into more subbands than the number of
transmit antenna elements to narrow down the beam mainlobe
intervals between adjacent beams formed by DDMA modulation
vectors. As a result, more beams are incorporated into the region
of interest, and slow-time TB radar can direct transmit energy to
the region of interest by properly selecting the DDMA modulation
vectors whose beams are directed there. To resolve velocity ambi-
guity, tensor signal modeling, by storing measurements in a tensor
without Doppler spectrum division, is used. Parameter estimation
is then addressed using canonical polyadic decomposition (CPD),
and the performance of slow-time TB L-shaped MIMO radar is
shown to be improved as compared to DDMA MIMO techniques.
Simulations are conducted to validate the proposed method.

Index Terms—Slow-time transmit beamspace, 2-D DOA esti-
mation, CPD, L-shaped array, velocity disambiguation.
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I. INTRODUCTION

IN the last two decades, multiple-input multiple-output
(MIMO) radars [1], [2], [3], [4], [5] have received a great

deal of attention and seen prosperous development. More de-
grees of freedom and a larger virtual radar aperture, which
amount to more detectable targets with higher spatial resolution,
can be achieved by the transmission of multiple independent
waveforms from different transmit channels, which is what
differentiates MIMO radars from phased-array radars [6], [7].
To ensure the benefits listed above, waveform diversity is one
of the research focuses in the MIMO radar field.

Waveforms of various types, including frequency division
multiple access (FDMA) [8], code division multiple access
(CDMA) [9], time division multiple access (TDMA) [10], and
Doppler division multiple access (DDMA) [9], [11], have been
developed. Among them, TDMA stood out due to its easy im-
plementation and low hardware cost. The most basic and intu-
itive way to achieve orthogonality between transmit channels is
to alternately activate transmit antenna elements without over-
lapping, which is exactly the core concept of TDMA. However,
TDMA’s transmission capability is seriously underutilized and
its average transmit power is significantly lower when compared
to other waveforms whose transmit antennas radiate signals
simultaneously, resulting in a reduced detectable range.

More transmit antennas will be required in pursuit of higher
system performance in the future, further reducing the average
transmit power of TDMA. Meanwhile, a higher pulse repetition
frequency (PRF) is required to avoid Doppler ambiguity in
the presence of high-speed vehicles, whereas range ambiguity
arises as a result of the higher PRF. TDMA exacerbates this
conflict because of its alternate transmission. Given the fore-
going, TDMA is no longer as appealing as it once was, and
DDMA technique is capturing the research attention. DDMA
technique, inheriting the TDMA’s transmitter configuration,
achieves waveform diversity in the slow time [8], [12] by mod-
ulating each transmit channel with a different Doppler shift. For
DDMA technique, transmission capability is fully utilized, and
transmit channel divisibility is accomplished as well.

Estimating 2-dimensional (2-D) directions of arrival (DOA),
including azimuth and elevation angles, is a topic of consid-
erable interest for real-world applications. Among these ap-
plications, radar systems for detection and localization are

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information,
see https://creativecommons.org/licenses/by/4.0/
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integral components of modern advanced driver assistance sys-
tems and autonomous vehicles, aimed at reducing human error
and enhancing vehicle safety [13], [14]. To achieve reliable
functionality, the performance of 2-D DOA estimation is cru-
cial for automotive radar systems. Several 2-D array structures
such as uniform rectangular array (URA), circular array, and
L-shaped array have been intensively employed. Although all
of these array structures find their applications in practice, the
L-shaped array has been found to be superior to URA due
to a significantly lower (37%) Carmér-Rao bound (CRB) on
DOA estimation [15]. Moreover, L-shaped arrays are easy to
implement in comparison to some other array structures among
2-D planar arrays for 2-D DOA estimation that have been
developed, leading to L-shaped arrays being at the forefront
of array processing research [15], [16], [17], [18], [19], [20],
[21], [22].

This paper considers an L-shaped array with two subarrays
shaped as uniform linear arrays (ULAs) positioned along the
x-axis and z-axis, respectively, where azimuth and elevation an-
gles can be estimated by processing the signals transmitted from
subarrays along the x-axis and z-axis separately. In other words,
2-D DOA estimation can be converted into 1-dimensional (1-D)
angle estimation with a two-fold operation. Thus, the majority
of 1-D DOA estimation algorithms can be used in L-shaped
arrays with few adaptations. Considering the benefits of both
the DDMA waveform and the L-shaped array configuration,
DDMA technique is proposed for L-shaped array MIMO radar.
Even though the entire Doppler spectrum can be uniformly
divided into the number of transmit elements of two subarrays
to achieve channel separation among all the transmit chan-
nels of an L-shaped array, the number of pulse samples will
inevitably be reduced as many times as the number of total
transmit elements. As a result, parameter estimation perfor-
mance deteriorates, particularly at a low signal-to-noise ratio
(SNR). As a compromise, additional two waveforms orthogonal
in the fast time are used. As a result, independence between
subarrays is realized in the fast time, while waveform diver-
sity within subarray elements is achieved in the slow time,
e.g., DDMA.

Existing 2-D DOA estimation algorithms range from adop-
tion of nonparametric Fourier-based methods [23] and tradi-
tional beamforming techniques such as Capon beamformer
to higher-resolution parametric methods like multiple signal
classification (MUSIC) [24], [25] and estimation of signal pa-
rameters via rotational invariance technique (ESPRIT) [26].
However, these algorithms work with the multidimensional re-
ceived measurements collected into a matrix form. As a con-
sequence, the multi-linear structure inherent in the signal is
not exploited. It has been validated that tensor-based meth-
ods outperform matrix-based methods, especially in low SNR
cases [27], [28], [29], [30]. Therefore, tensor representation has
been used for DOA estimation. Existing tensor-based methods
can be mainly categorized into higher order singular value
decomposition [29], [31], canonical polyadic decomposition
(CPD), also named as parallel factor (PARAFAC) analysis [32],
[33], constrained tensor decomposition [34], [35], and more
recently learning-based techniques [36], [37]. The first two

classes of methods are applicable for tensors with arbitrary
factors, whereas the third one is intended for tensors with fac-
tor matrices that obey a certain structure, for example, Van-
dermonde structure. The methods from the last class help to
significantly reduce the computational complexity at the testing
phase, and show more efficiency also when the known tensor
structure is exploited.

To apply tensor representation to DDMA MIMO radar, [38]
has proposed a tensor model and developed a modified alter-
nating least squares (ALS) tensor decomposition algorithm for
DOA estimation. However, Doppler spectrum division, which
inevitably downsamples the pulse data and leads to the loss of
velocity information that originally was present between adja-
cent pulses, is still demanded for transmit channel separation in
[38]. As a result, the unambiguous velocity is reduced as many
times as the number of transmit elements, and velocity ambigu-
ity tends to arise for high-speed targets. To address this issue, a
method called PARAFAC-Direct in [39] designs a tensor model
for DDMA radar measurements, obviating the requirement for
Doppler spectrum division. Thus, velocity information is well
preserved, and unambiguous velocity can be restored.

Although MIMO radar gains more degrees of freedom
and a larger virtual aperture thanks to waveform diversity
compared to phased-array radar, its transmit energy is dis-
tributed omnidirectionally, resulting in transmit energy waste
and lower SNRs. It is acknowledged that a higher SNR con-
tributes to better radar system performance [2]. Hence, co-
herent transmit beamspace (TB) design techniques have been
developed in [7], [28], [35], [40] in the last decade to im-
prove parameter estimation performance even further. With
prior knowledge of the desired spatial region, transmit beams of
orthogonal waveforms can be designed to direct energy toward
the desired region, and transmit energy distribution can be
optimized.

In this paper, slow-time TB L-shaped MIMO technique is
proposed to improve parameter estimation performance.1 Slow-
time MIMO radar, as its name suggests, is a waveform tech-
nique that achieves orthogonality in the slow time rather than
the fast time, with DDMA technique being a typical example.
For traditional DDMA MIMO radar [9], [39], the number of
pulses within a pulse cycle equals the number of transmit an-
tenna elements, and each pulse within a cycle is modulated
with a different vector. These vectors form distinct beams from
one another, and mainlobes of these beams are directed across
the entire spatial region. That is to say, transmit energy can
be regarded as being distributed over the entire region rather
than being focused within a specific limited region of interest.
For DDMA technique, the intervals of adjacent beam mainlobes
shaped by DDMA modulation vectors for pulses are correlated
to the number of transmit elements. The more transmit ele-
ments, the closer the adjacent beams get. Therefore, if the entire
Doppler spectrum is uniformly divided into more subbands than
the number of transmit elements, a larger number of different
beams can be formed, and adjacent beam mainlobes get closer

1We have recently reported some preliminary concept verification type of
results only in [41].
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[42]. Consequently, more beams are comprised within a specific
sector. With prior knowledge of 2-D spatial sector of interest,
those pulses whose beamforming vectors direct their beams
toward the desired region are selected for each subarray, and
the corresponding phase modulation vectors for those pulses
constitute new phase modulation matrices for the proposed
slow-time TB MIMO radar. As a result, the transmit energy
is successfully focused within the desired region. The novel
contributions of this paper can be summarized as follows.

• Optimization of transmit energy distribution: Inher-
iting DDMA’s advantages, we propose the slow-time TB
L-shaped MIMO radar technique which achieves trans-
mit energy distribution optimization. The latter fact con-
tributes to the performance improvement of the introduced
radar system, especially at low SNRs.

• Enhancing parameter estimation using tensor-based
signal model: A new tensor-based (instead of matrix-
based) signal model without Doppler spectrum division is
developed in slow-time TB L-shaped MIMO radar for pa-
rameter estimation. It preserves the multi-linear structure
inherent in the signal measurements to further improve the
parameter estimation performance. It resolves the velocity
ambiguity as well.

• Benchmarking against existing algorithms: The per-
formance of the proposed slow-time TB L-shaped MIMO
technique is demonstrated and validated through simula-
tion experiments, benchmarking it against existing param-
eter estimation algorithms including ESPRIT, CPD, and
PARAFAC-Direct. The SNR threshold [40] for the reso-
lution of closely spaced targets, for example, is demon-
strated to be approximately 10–15 dB lower than that of
the aforementioned algorithms, highlighting the superior
efficacy of the proposed approach.

The rest of the paper is organized as follows. In Section II,
signal models of DDMA MIMO radar with transmit 1-D ULA
and 2-D L-shaped array are introduced. In Section III, the
proposed slow-time TB L-shaped array radar is presented. In
Section IV, parameter estimation using CPD for L-shaped array
radar is developed. Simulation based experiments in Section V
validate the effectiveness of the proposed method for energy
distribution optimization and parameter estimation, and the
conclusion is given in Section VI.

II. SIGNAL MODEL

A. DDMA MIMO Radar With Transmit ULA

Consider a mono-static pulsed MIMO radar with Mt transmit
antennas and Mr receive antennas.2 The transmit and receive
arrays are assumed to be close enough to each other so that a
far-field target can be observed from the same spatial angle by
both arrays. Altogether Q pulses are emitted with pulse repeti-
tion interval Tr = 1/PRF within a single coherent processing
interval (CPI), and the duration of each pulse is Tp. Transmit
antenna elements are arranged in the shape of a ULA where the

2All antennas are assumed to be omnidirectional in this paper.

distance between adjacent elements is dt. As a transmit array,
dt should be no larger than half a wavelength λ to meet the
Nyquist sampling criterion.

Omnidirectional antennas theoretically have the ability to
provide 360-degree coverage. However, typically in practice,
we first roughly specify the potential spatial area where tar-
gets are located, termed the region of interest Θ in this paper.
With Θ known a priori, advanced techniques can be applied to
achieve higher accuracy of detection and location. Assuming
that there are K targets within the region of interest Θ with
directions3 θk, ranges Rk, and velocities vk, k = 1, 2, . . . , K,
the steering vector of the transmit ULA for the kth target can
be expressed as

a (θk) =
[
1, e−j2π

dt
λ cos θk , . . . , e−j2π

dt
λ (Mt−1) cos θk

]T
(1)

where (·)T stands for the transpose operation. Since this work
focuses on the transmit energy distribution optimization, we
leave the shape of the receive array flexible, and we use b (θk)
to denote the receive steering vector in general.

To achieve waveform orthogonality, with a predesigned
phase modulation matrix W of size Mt × Q, DDMA MIMO
radar modulates each transmit channel with a different Doppler
shift to achieve the divisibility of transmit signals in the slow
time (Doppler) domain. Dividing the whole Doppler frequency
spectrum uniformly into Mt subbands, the Doppler shift for the
mth transmit channel is given as

fm = (m − 1)
PRF

Mt
, m = 1, 2, . . . , Mt. (2)

For the qth pulse, its phase modulation vector wq , which is also
the qth column of W, can be written as

wq =
[
1, e−j2π PRF

Mt
(q−1)Tr , . . . , e−j2π(Mt−1)PRF

Mt
(q−1)Tr

]T
,

q = 1, 2, . . . , Q. (3)

With DDMA modulation, only a Doppler spectrum subband of
width PRF/Mt is available for each transmit channel. Conse-
quently, the maximum unambiguous velocity is

vmax =
PRFλ

4Mt
. (4)

It can be seen from (4) that vmax is reduced by a factor of
Mt compared to, for example, the case of FDMA where each
transmit channel is accessible to the whole Doppler spectrum,
which exacerbates the velocity (Doppler) ambiguity.

We assume that the target reflection coefficient obeys Swer-
ling I model [43]. With modulation matrix W depicted in (3),
the received signal by the nth receive antenna element for the
qth pulse can be expressed as

ynq(t) =

K∑

k=1

Mt∑

m=1

σkwmqs(t − τmnq,k) + znq(t),

n = 1, 2, . . . , Mr (5)

3To be consistent with the subsequent expressions of L-shaped array, θk ,
the complementary angle of the target incident angle, is used instead.
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Fig. 1. L-shaped array configuration.

where t is the fast-time index, σk is the complex-valued reflec-
tion coefficient of the kth target, wmq is the (m, q)-th element
of W, s(t) is the transmitted waveform, and znq(t) is the
noise component in the nth receive antenna element for the
qth pulse. The time delay τmnq,k, caused by the wave traveling
distance from the mth transmit element to the kth target and
then back to the nth receive element for the qth pulse, can be
expressed as

τmnq,k =
2 (Rk−(q − 1)Trvk) + (m − 1)dt cos θk + dn,k

c
(6)

where dn,k is the difference in traveling distance from the kth
target to the nth element compared to the reference element
within the receive array, and c is the light speed. After carrier
frequency downconversion and matched filtering, the received
signal in (5) can be rewritten as

ynq =
K∑

k=1

σkej2πfk(q−1)Tr
(
aT (θk)wq

)
bn (θk) + znq (7)

where factor σk incorporates other constant factors, fk = 2vk/λ
is the Doppler shift caused by target velocity, bn(θk) is the nth
element of b(θk), and znq is the residual noise after filtering.

B. DDMA MIMO Radar With Transmit L-Shaped Array

Extending the 1-D ULA array to a 2-D array for 2-D DOA es-
timation (azimuth and elevation angles), consider an L-shaped
array with two ULAs positioned along the x-axis and z-axis,
respectively, as shown in Fig. 1. To distinguish from 1-D array,
each ULA within an L-shaped array is referred to as subarray
in this paper. Subarrays along the x-axis and z-axis consist of
Mx and Mz antenna elements spaced at distances dx and dz

from each other, respectively. The space Cartesian coordinate
of the mxth and mzth array elements within the x-axis and
z-axis subarrays can be denoted as, respectively,

rx,mx
= ((mx − 1)dx, 0, 0)T , mx = 1, 2, . . . , Mx

rz,mz
= (0, 0, (mz − 1)dz)

T , mz = 1, 2, . . . , Mz. (8)

In addition, array coordinate matrices Rx ∈ RMx×3 and Rz ∈
RMz×3 are defined as follows

Rx � [rx,1, rx,2, . . . , rx,Mx
]
T

Rz � [rz,1, rz,2, . . . , rz,Mz
]
T

. (9)

The 2-D DOAs of the kth far-field target include azimuth
angle βk and elevation angle φk. Different from the 1-D ULA
described in Section II-A, the problem of interest becomes, in
this case, the estimation of the DOA pairs {βk, φk}K

k=1.
Define the propagation vector as

pk = [sinφk cos βk, sinφk sin βk, cos φk]
T

. (10)

With cos ϕk = sin φk cos βk, the transmit steering vectors of
two subarrays can be expressed as

ax (ϕk) = e−j2πRxpk

=
[
1, e−j2π dx

λ cos ϕk , . . . , e−j2π(Mx−1) dx
λ cos ϕk

]T

az (φk) = e−j2πRzpk

=
[
1, e−j2π dz

λ cos φk , · · · , e−j2π(Mz−1) dz
λ cos φk

]T
.

(11)

Unless otherwise specified, azimuth angle refers to ϕk for con-
venience from now on. Observing (11), it can be found that
azimuth ϕk and elevation φk are independently contained in
two transmit subarrays without coupling, which means that
2-D DOAs can be estimated just by applying existing DOA
estimation algorithms to the signals transmitted by the two
subarrays separately.

With the orthogonality between two waveforms transmitted
by subarrays, a 2-D L-shaped array can be approximately re-
garded as a combination of two independent ULAs. On this
basis, DDMA is applicable to L-shaped array as well except
that two DDMA modulation matrices are demanded. To apply
the DDMA approach, two phase modulation matrices Wx and
Wz are designed to modulate transmit channels with different
Doppler shifts for each independent subarray. Owing to the
independence, Wx and Wz can be designed separately based
on the practical requirements, which will be covered in depth
in Section III. With two orthogonal waveforms u1(t) and u2(t),
the signals transmitted from Mx + Mz antenna elements can be
expressed as

hq(t) =

[
hx,q(t)

hz,q(t)

]
=

[
wx,qu1(t)

wz,qu2(t)

]
(12)

where hx,q(t) and hz,q(t) are the transmitted signals from sub-
arrays along the x-axis and z-axis, and wx,q and wz,q are the qth
column vectors of Wx and Wz for the qth pulse modulation,
respectively.

To separate the signals from different subarrays, range com-
pression is performed twice on the received signals with ref-
erence signals ui(t), i = 1, 2, then the separated signals from
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two transmit subarrays to the nth receive element can be
expressed as

yx,nq

=

K∑

k=1

σkej2πfk(q−1)Tr
(
aT

x (ϕk)wx,q

)
bn (ϕk, φk) + zx,nq

yz,nq

=
K∑

k=1

σkej2πfk(q−1)Tr
(
aT

z (φk)wz,q

)
bn (ϕk, φk) + zz,nq

(13)

where bn(ϕk, φk) denotes the nth element of the receive steer-
ing vector b(ϕk, φk), and zx,nq and zz,nq are the noise com-
ponents after range compression. After obtaining the signals
from two subarrays as is depicted in (13), parameter estimation
algorithms for DDMA MIMO radars can be applied to each
subarray, respectively, and thus, target azimuth angles {ϕk}K

k=1,
elevation angles {φk}K

k=1, and velocities {vk}K
k=1 can be

estimated.

III. PROPOSED SLOW-TIME TRANSMIT BEAMSPACE

L-SHAPED ARRAY RADAR

A. Slow-Time Transmit Beamspace Design

Recalling (7), the transmit energy beampattern of DDMA
MIMO radar for the qth pulse can be expressed as

G(θ) = |aT (θ)wq|2 (14)

where θ denotes the spatial angle of a target, | · | denotes
the element-wise modulus operation on a number or a vector
(here a number). It is noteworthy to mention that 1-D ULA
and 2-D L-shaped array share the similar property of transmit
beamspace, and thus, here the former one is taken as an example
to discuss for the ease of description. It can be found from (14)
that the energy beampattern for a fixed transmit array configu-
ration depends on the design of DDMA modulation matrix W
consisting of phase modulation vectors wq, q = 1, 2, . . . , Q.

Rewrite the vector wq defined in (3) as

wq =
[
1, e−j2π q−1

Mt , . . . , e−j2π
(Mt−1)(q−1)

Mt

]T
. (15)

Observing the ULA steering vector a (θ) in (1), wq can be
regarded as a beamforming vector with mainlobe direction θb,q.
Taking dt = λ/2 as an illustration, which is commonly used in
practical radar applications, the mainlobe direction θb,q for the
qth pulse satisfies

cos θb,q = 2l − 2(q − 1)

Mt
, q = 1, 2, . . . , Q (16)

where l is a nonnegative integer just to guarantee that cos θb,q ∈
[−1, 1]. It can be found that θb,q varies from pulse to pulse
with a cycle of Mt pulses, and mainlobes of the formed beams
in a pulse period sweep across the entire spatial region with
specific intervals. As a result, the overall transmit energy within
a pulse period is distributed across the whole spatial region
rather than focused within a certain spatial sector. If the transmit

energy can be focused within the region of interest Θ, the
performance of parameter estimation for targets in this region
can be significantly improved due to a higher SNR. In this paper,
therefore, a slow-time TB MIMO radar is proposed to optimize
the transmit energy distribution and improve the performance
of parameter estimation.

Observing (16), we can find that the mainlobe distance be-
tween adjacent pulse beams depends on the value of Mt, which
is also the number of divided subbands in the Doppler domain
for traditional DDMA. To distinguish the number of subbands
and the number of transmit elements, we use Mv to denote the
total number of divided subbands, which is also referred to as
the number of virtual transmit elements [42]. Meanwhile, the
pulse period of modulation vectors becomes Mv instead of Mt.
The Doppler shifts and phase modulation vectors can then be
rewritten as

fm = (m − 1)
PRF

Mv
, m = 1, 2, . . . , Mv (17)

wq =
[
1, e−j2π q−1

Mv , . . . , e−j2π
(Mv−1)(q−1)

Mv

]T
,

q = 1, 2, . . . , Q. (18)

With a larger Mv than Mt, Mv Doppler shifts for phase mod-
ulation are available for transmit elements to choose from. The
orthogonality across Mt transmit channels can theoretically be
guaranteed by any set of Mt Doppler shifts. What is more,
any set of consecutive Mt Doppler shifts results in the same
beamformed mainlobe directions except for a different extra
phase, thus making no difference to the transmit beampattern.
As an example for discussion, the first Mt Doppler shifts are
chosen for phase modulation by default in this paper. In this
case, phase modulation vector for a transmitter of Mt elements
can be expressed as the following Mt × 1 vector

wTB,q =
[
1, e−j2π q−1

Mv , . . . , e−j2π
(Mt−1)(q−1)

Mv

]T
. (19)

Equations (16) and (19) make it clear that a larger Mv leads to
smaller mainlobe distances between adjacent pulse beams. As
a result, more pulse beams are directed toward a fixed spatial
sector. Assuming that Θ is known a priori, there are M < Mv

pulses whose beam mainlobes are directed toward Θ in every
Mv pulses, and the index vector of these M pulses from the first
pulse period is denoted as qv = [q1, q2, . . . , qM ]. To focus the
transmit energy within Θ, only the modulation vectors of these
M pulses are selected to constitute a new phase modulation
matrix WTB ∈ CMt×Q for slow-time TB MIMO radar, which
is given by

WTB,0 � [wTB,q1
,wTB,q2

, . . . ,wTB,qM
] ∈ CMt×M

WTB �

⎡
⎢⎣WTB,0,WTB,0, . . . ,WTB,0︸ ︷︷ ︸

Q/M

⎤
⎥⎦ (20)

where Q/M is assumed to be an integer, and the qth column
vector of WTB is used for the qth pulse. Building a new phase
modulation matrix that only includes modulation vectors whose
mainlobes are directed toward the desired region allows to focus
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the transmit energy within Θ, resulting in energy distribution
optimization.

As it is stated in Section II-B, after the separation of subarray
signals, signals from different subarrays can be treated as inde-
pendent signals, and azimuth and elevation can be estimated
separately. Therefore, based on the spatial region of interest,
slow-time phase modulation matrices Wx,TB for x-subarray
and Wz,TB for z-subarray can be designed independently for
beamspace optimization.

B. Doppler Spectrum for Slow-Time Transmit Beamspace
MIMO Radar

DDMA technique takes advantage of the divisibility between
different channel signals in the Doppler domain to achieve
waveform diversity. With a DDMA phase modulation matrix,
each transmit channel is modulated with a distinct shift in the
Doppler domain. To be more specific, after DDMA modulation,
the signal energy of each channel for a target is focused on a
single peak and at a different location from the other channels in
the Doppler domain, which is the basis for channel separation.
However, this condition does not hold for the case of slow-time
TB technique.

Observing (3) and (20), we can see that the mth transmit
channel in a CPI of Q pulses is modulated with Q elements
in the mth row of a modulation matrix. Denote the mth row of
DDMA modulation matrix W as

vm =
[
1, e−j2π

(m−1)PRF
Mv

Tr , . . . , e−j2π
(m−1)PRF

Mv
(Q−1)Tr

]
,

(21)

and the mth row of the proposed slow-time TB matrix WTB

as

vTB,m �

⎡
⎢⎣v0,v0, . . . ,v0︸ ︷︷ ︸

Q/M

⎤
⎥⎦ ∈ C1×Q. (22)

Here

v0 = e−j2π
(m−1)PRF

Mv
Tr[q1−1,q2−1,...,qM −1]

= e−j2π
(m−1)PRF

Mv
Tr(qv−1) ∈ C1×M (23)

where 1 is an all-ones vector of the same size as qv. According
to (21), DDMA technique works by multiplying each trans-
mit channel signal with a distinct complex sinusoid [44] in
slow time domain (across pulses), whose frequency is fv,m =
(m − 1)PRF/Mv, m = 1, 2, . . . , Mt, and its sampling rate is
1/Tr = PRF. A signal, multiplication (element-wise product)
by a complex sinusoid of frequency fv,m is equivalent to shift-
ing it in the Doppler domain by fv,m. As a result of such a
shift, if the original signal energy focuses on a single peak, the
modulated signal will also spread on only one peak, and its
location depends on the amount of Doppler shift. Therefore, Mt

transmit channel signals for the same target will be distributed
on Mt separate peaks when using DDMA technique.

In contrast, for every period of Mv pulse vectors, the slow-
time TB technique described in (22) and (23) only uses those
M DDMA modulation pulse vectors whose beam mainlobes

are directed toward the desired spatial region, discarding the
remaining pulse vectors. As a result, the signal composed of Q
sample points used for slow-time TB modulation is no longer
a complex sinusoid, albeit remaining periodical with a period
of M pulses.

According to the Fourier analysis of a periodical signal f(t),
with the Fourier decomposition

f(t) =

∞∑

n=−∞
anej2πnf0t (24)

where t denotes the time index, an is the Fourier coefficient,
n is an integer, and 1/f0 is the period of signal f(t), the
slow-time TB modulation signal can be viewed as a supersti-
tion of multiple complex sinusoids with different frequencies.
Therefore, using slow-time TB technique, a transmit channel
can be considered to be modulated with multiple different
Doppler shifts simultaneously, and these Doppler shift values
are {n/(MTr)}∞

n=−∞. As a result of slow-time TB modulation,
the signal energy of one transmit channel for a target is scat-
tered on more than one Doppler peak, and its peak positions
coincide with those of other channels. Signals from distinct
transmit channels are mixed up and overlap with each other in
the Doppler domain, making it impossible to separate transmit
channels using Doppler spectrum division.

Nearly all DOA estimation algorithms, including MUSIC,
ESPRIT, and conventional CPD methods [38], are based on
the assumption that Mt separated transmit channel signals
can be obtained by signal processing procedures before DOA
estimation, such as Doppler spectrum division for DDMA.
As previously concluded, transmit signals employing slow-
time TB technique are no longer separable in the Doppler
domain, rendering the algorithms mentioned above invalid.
To handle this issue and take advantage of the tensor-based
model as well, a method using CPD without Doppler spec-
trum division is proposed for slow-time TB MIMO radar to
achieve parameter estimation, which is described in detail in the
next section.

IV. PARAMETER ESTIMATION USING CPD FOR

L-SHAPED ARRAY

In this section, we present a new tensor-based signal model
and a new parameter estimation method using this model for the
proposed slow-time TB L-shaped MIMO radar. This method
avoids transmit channel separation. Moreover, it fully lever-
ages the multi-linear structure inherent in the signal to improve
estimation performance and resolve velocity ambiguity issue.
Section IV-A explains the CPD algorithm for the traditional
DDMA modulation technique as a basis for comparison, while
Section IV-B presents the proposed tensor-based signal model
and parameter estimation algorithm.

A. CPD for DDMA L-Shaped Array

To achieve the objective of separating the DDMA signal from
each transmit channel within a subarray, phase demodulation
is implemented by first shifting the received signal from ML
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transmit elements back to the baseband in the Doppler domain,
which is done with Doppler shifts −(m − 1)PRF/ML, m =
1, 2, . . . , ML, respectively, where Mx = Mz = ML is assumed
for simplicity in this section. After lowpass filtering with cut-
off frequency PRF/ML/2, signals of MLMr virtual transmit-
receive channels for each ULA subarray are obtained. After
separation, the signals from the (m, n)-th transmit-receive
channels of x-axis and z-axis subarrays for the qth pulse can
be written as, respectively,

yx,mnq =

K∑

k=1

σkej2πfk(q−1)Trax,m (ϕk) bn (ϕk, φk) + zx,mnq

yz,mnq =

K∑

k=1

σkej2πfk(q−1)Traz,m (φk) bn (ϕk, φk) + zz,,mnq

(25)

where ax,m (ϕk) and az,m (φk) are the mth elements of ax (ϕk)
and az (φk), respectively, and zx,,mnq and zz,,mnq are the
noise components of two subarray channels. Considering that
the number of pulse samples is decreased by ML times after
Doppler spectrum division, q instead of q is used in (25), and
q = 1, 1 + ML, . . . , 1 + ML(P − 1), where P = Q/ML is as-
sumed to be an integer.

Storing the separated signals in (25) in 3-dimensional (3-D)
tensors, we have

Yx =

K∑

k=1

σkax (ϕk) ◦ b (ϕk, φk) ◦ d (fk) + Zx

Yz =
K∑

k=1

σkaz (φk) ◦ b (ϕk, φk) ◦ d (fk) + Zz (26)

where ◦ denotes the outer product of matrices, Zx and Zz are
the noise tensors, and d (fk) is given by

d (fk) �
[
d1 (fk) , d1+ML

(fk) , . . . , d1+ML(P−1) (fk)
]T

(27)

where

dq (fk) = ej2πfk(q−1)Tr , q = 1, 2, . . . , Q. (28)

Factor matrices Ax, Az, B, and D of the constructed tensors
can be defined as

Ax � [ax (ϕ1) ,ax (ϕ2) , . . . ,ax (ϕK)]

Az � [az (φ1) ,az (φ2) , . . . ,az (φK)]

B � [b (ϕ1, φ1) ,b (ϕ2, φ2) , . . . ,b (ϕK , φK)]

D �
[
d (f1) ,d (f2) , . . . ,d (fK)

]
. (29)

To obtain the factor matrices in (29), the CPD approach via
ALS is employed. Taking the factor matrix Ax as an example,
the problem of estimating Ax boils down to solving the follow-
ing optimization (data fitting) problem

Âx ← arg min
Ax

∥∥∥[Yx](1) −
[
(B � D)AT

x

]∥∥∥
2

F
(30)

where [·](1) is the mode-1 unfolding of a tensor, � stands for
the Khatri-Rao product (or column-wise Kronecker product) of

matrices, and ||·||F denotes the Frobenius norm of a matrix.
As a result, 2-D DOAs can be estimated using traditional ULA
DOA estimation methods, such as ESPRIT, with the obtained
Âx and Âz.

B. CPD for Slow-Time Transmit Beamspace L-Shaped Array

As shown in Section IV-A, the CPD method can give DOA
estimates for DDMA L-shaped array radar. However, Doppler
spectrum division operation, which is required prior to CPD
operation, results in pulse signal downsampling. As a result, the
useful velocity information contained in the pulse signal mea-
surements is lost partly, and velocity ambiguity arises when the
factor matrix D in (29) is used to estimate target velocity. On the
other hand, DDMA phase modulation matrix W, whose column
vectors function as beamformers, distributes the transmit energy
over the whole spatial region and does not allow for energy
focusing. Considering the above issues, a new method called
slow-time TB L-shaped array based on CPD is proposed, which
enables velocity disambiguation and performance improvement
of parameter estimation.

To focus transmit energy within the region of interest Θ,
slow-time phase modulation matrices Wx,TB and Wz,TB are
designed first. Storing the received signals of subarrays in ma-
trices Yx and Yz both of size Mr × Q, we have

Yx = (p � B)
[(

WT
x,TBAx

)
∗ D
]T

+ Zx

Yz = (p � B)
[(

WT
z,TBAz

)
∗ D
]T

+ Zz (31)

where p = [σ1, σ2, . . . , σK ], ∗ denotes the Hadamard product
of matrices, and

D � [d (f1) ,d (f2) , . . . ,d (fK)]

d (fk) � [d1 (fk) , d2 (fk) , . . . , dQ (fk)]
T
. (32)

The (n, q)-th elements of matrices Zx and Zz are zx,nq and zz,nq

in (13), respectively. Taking advantage of the periodicity of the
phase modulation matrices Wx,TB and Wz,TB, (31) can be re-
expressed as

Yx = (p � B)
[
H � Ax,TB

]T
+ Zx

Yz = (p � B)
[
H � Az,TB

]T
+ Zz (33)

where H �
[
h (f1) ,h (f2) , . . . ,h (fK)

]
, and h (fk) is given

by

h (fk) �
[
d1 (fk) , d1+M (fk) , . . . , d1+M(Pv−1) (fk)

]T
(34)

where Pv = Q/M is an integer. Matrices Ax,TB and Az,TB can
be further expressed as

Ax,TB =
(
WT

x,TB,0Ax

)
∗ D0

Az,TB =
(
WT

z,TB,0Az

)
∗ D0 (35)

where Wx,TB,0 and Wz,TB,0 are defined in the same way as
WTB,0 in (20), and D0 consists of the first M rows of D.

Taking the signal Yx in (33) as an example, the signal trans-
formation from a matrix into a 3-D tensor of size M × Mr × Pv

is illustrated in Fig. 2. Then we have

Yx,D =

K∑

k=1

σkax,TB (ϕk) ◦ b (ϕk, φk) ◦ h (fk) + Zx,D



ZHANG et al.: TRANSMIT ENERGY FOCUSING FOR PARAMETER ESTIMATION IN SLOW-TIME TB L-SHAPED MIMO RADAR 5235

Fig. 2. Illustration of transforming a matrix signal into a 3-D tensor.

Yz,D =

K∑

k=1

σkaz,TB (φk) ◦ b (ϕk, φk) ◦ h (fk) + Zz,D (36)

where Zx,D and Zz,D are noise tensors.
Comparing (26) with (36), the part of velocity information

that is lost in (26) is preserved in (36), that is,

Ax,TB � [ax,TB (ϕ1) ,ax,TB (ϕ2) , . . . ,ax,TB (ϕK)]

Az,TB � [az,TB (φ1) ,az,TB (φ2) , . . . ,az,TB (φK)] . (37)

Thus, the unambiguous velocity can be restored by combining
H with D0 contained in Ax,TB or Az,TB.

With factor matrices Ax,TB, Az,TB and H obtained by CPD,
the minimum mean square error (MMSE) estimation algorithm
can be employed to estimate DOA pairs {ϕk, φk}K

k=1. Looking
into (35), we can find that Ax,TB is the Hadamard product of
D0 and Ex = WT

x,TB,0Ax. For the kth column of Ex, we can
write

ex,k = WT
x,TB,0ax(ϕk)

=
[
wT

x,TB,q1
ax(ϕk),wT

x,TB,q2
ax(ϕk), . . . ,wT

x,TB,qM
ax(ϕk)

]T
(38)

where wx,TB,qm
is the mth column of Wx,TB,0. Considering

that each TB phase modulation vector wx,TB,qm
obeys the

discrete Fourier transform (DFT) structure for different fre-
quencies fqm

= (qm − 1)/Mv, qm = q1, q2, . . . , qM , ex,k can
be regarded as DFT operations at M different frequency points.
Meanwhile, every element of D0 is an exponential value with
unit amplitude, having no effect on the element amplitudes of
Ax,TB. Therefore, {ϕk}K

k=1 can be estimated by solving the
following MMSE problem

ϕ̂k = arg min
ϕ

‖|ex,k| − |e(ϕ)|‖2
F (39)

where e(ϕ) = WT
x,TB,0ax(ϕ). In a similar way, {φk}K

k=1 can
be estimated as well.

To obtain unambiguous velocity, the estimated factor Ĥ is
combined with D0, and D0 is estimated by

D̂0 = Ax,TB � Êx (40)

where � denotes the element-wise division of two matrices. Êx

is the estimate of Ex by substituting {ϕ̂k}K
k=1 in (38). With Ĥ

and D̂0, we can find

Ĥ � D̂0 � [d (f1) ,d (f2) , . . . ,d (fK)] . (41)

From (41), target velocities {vk}K
k=1 can then be easily

obtained.
As discussed above, 2-D DOA estimation for the proposed

L-shaped array slow-time MIMO TB radar is achieved by es-
timating azimuth and elevation separately. Consequently, 2-D
DOA pair-matching is required in the presence of more than one
target. Recalling (36), factor matrices Ax,TB, Az,TB, and B are
obtained after tensor decomposition via ALS. However, only
the matrices associated with transmit arrays, i.e., Ax,TB and
Az,TB, are utilized for DOA estimation, while factor matrix B
associated with the receive array is not utilized.4 According to
the PARAFAC uniqueness conditions given in terms of Kruskal
rank [45], these factor matrices are unique up to permutation
and scaling of columns if the following inequalities are satisfied

rAx,TB
+ rH + rB ≥ 2K + 2

rAz,TB
+ rH + rB ≥ 2K + 2 (42)

where r{·} denotes the Kruskal rank of a matrix. Therefore,
the parameters estimated based on these factor matrices are au-
tomatically paired column-by-column if (42) holds. Thanks to
this property, factor matrix B can be utilized for pair-matching.
Given that two transmit subarrays in the proposed L-shaped
array arrangement can already give 2-D DOA estimation ex-
cept for pair-matching, the receive array’s shape has no effect
on pair-matching capability. A concrete example is given and
discussed in Section V.

Finally, the DOA pairs {ϕk, φk}K
k=1 can be found with per-

formance improvement as will be validated in the next section,
and velocity ambiguity can be resolved at the same time.

V. SIMULATION RESULTS

In this section, simulation experiments are conducted to
demonstrate the effectiveness of the proposed slow-time TB
method for pulsed L-shaped array MIMO radar with frequency-
modulated continuous waves in the scenario of automotive radar
applications. Throughout all the simulations, we assume an
L-shaped transmit array where two ULA subarrays are posi-
tioned along the x-axis and z-axis, and each subarray is made up
of ML = Mx = Mz = 8 antenna elements spaced half a wave-
length apart from each other. The receiver, which is collocated
with the transmitter, is set as a ULA along the x-axis with

4It is because the estimate based on the factor matrices Ax,TB consistently
outperforms the estimate based on B in all our simulations.
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Fig. 3. Range-Doppler map of DDMA approach with (a) Mv = ML and (b) Mv > ML.

Mr = 8 elements and the spacing between adjacent elements
dr = λ/2 in simulations for demonstration.5 The frequency of
carrier waveform is fc = 79 GHz, and the transmit signal is
sampled with sampling frequency fs = 70 MHz. We also set
Q = 80 pulses with Tr = 10 us in a single CPI, and each pulse
duration is Tp = 3 us. It is assumed that source targets follow
the Swerling I model, and the additive noise is Gaussian zero-
mean unit-variance spatially and temporally white.

A. Example 1: Comparison Between DDMA and Slow-Time
Transmit Beamspace Approaches

In this example, there are 2 moving targets with ranges
R = {800 m, 600 m} and velocities v = {0.4vmax, 4.6vmax},
where vmax = λPRF/4/ML = 11.87 m/s is the maximum un-
ambiguous velocity for DDMA. The value of vmax remains
constant throughout this section without any special remarks.
To demonstrate the range-Doppler map of the received signal,
down & up chirp signals (see (43)) are used for two subarrays
as baseband transmit waveforms

ui(t) = rect

(
t − Tp/2

Tp

)
ejπKit

2

, i = 1, 2 (43)

where K1 = −B/Tp and K2 = B/Tp are the chirp rates for
down-chirp and up-chirp signals, respectively, and the transmit
signal bandwidth is B = 60 MHz throughout this section.

The phase modulation matrix for DDMA approach is de-
scribed in (3) with Mt = ML = 8. After 2-D DFT, the range-
Doppler map of the received signal is depicted in Fig. 3(a).
With DDMA phase modulation, the signal from each transmit
element is modulated with a distinct Doppler shift. Therefore,
as it can be seen in Fig. 3(a), 8 separate peaks are uniformly
distributed over the entire Doppler spectrum along an identi-
cal range cell for each target. Each peak can be regarded as
attributed to the signal from only one transmit element, which
ensures that waveform diversity can be achieved by Doppler
spectrum division.

To enhance the performance of MIMO radar further, as
discussed in Section III, a new phase modulation matrix is
proposed that optimizes the transmit energy distribution. The
region of interest is set as Θ = [60◦, 120◦] throughout this
section. First, the entire spectrum is divided into Mv = 16
subbands in this example, which narrows down the mainlobe
distance of adjacent beams formed by phase modulation vectors
compared to conventional DDMA with Mv = 8, and its range-
Doppler map is given in Fig. 3(b). Observing two figures in
Fig. 3, we can see that peaks are distributed uniformly for both
of them, while the distance of adjacent peaks gets smaller, and
there exists an extra Doppler spectrum band for the DDMA with
Mv = 16 in Fig. 3(b) due to the fact that Mv > Mt. Next, those
modulation vectors of pulses {1, 2, 3, 4, 13, 14, 15, 16} in every
period of 16 pulses are selected to construct a new phase mod-
ulation for transmit energy optimization. The transmit energy
distribution of conventional DDMA and the proposed approach
are demonstrated in Fig. 4. Compared to DDMA approach in
Fig. 4(a), adjacent beams of the proposed approach in Fig. 4(b)
get closer to each other, resulting in more beams directing
toward Θ. By selecting those pulse vectors whose beamforming
mainlobes direct toward Θ, the overall transmit energy of the
proposed approach in a pulse period is no longer spread across
the whole spatial region as it is in the conventional DDMA
technique, and instead the proposed method achieves transmit
energy optimization: its transmit energy accumulates within Θ.

Different from DDMA technique, as it is discussed in Sec-
tion III-B, the separation of transmit channels for the proposed
slow-time TB technique cannot be achieved by Doppler spec-
trum division because the energy of a single transmit channel for
each target can be distributed over multiple peaks in the Doppler
domain rather than one single cluster of range-Doppler bins and
mixed up with those peaks of other channels. Fig. 5(a) depicts
the received signal with the proposed TB modulation matrix
WTB in the Doppler domain. Compared to DDMA in Fig. 3(a),

5The receiver does not have to be an ULA with λ/2 spacing.
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Fig. 4. Transmit energy beampatterns of (a) DDMA and (b) the proposed approach.

Fig. 5. (a) Range-Doppler map of the proposed approach and (b) Doppler spectrums of two transmit channels.

there are the same number of peaks as DDMA for a target in
the Doppler domain, but amplitudes of these peaks differ a lot
from each other. Taking the first and second transmit channels
of the first target as an example, their Doppler spectrums are
shown in Fig. 5(b). For the first transmit channel, its energy
only accumulates over one peak due to zero Doppler shift,
and the energy dispersed over other regions is so low as to be
ignored. In contrast, the signal of the second channel is spread
over 8 peaks with uniform distances but different amplitudes,
which verifies the analysis in Section III-B. As a consequence,
waveform diversity cannot be achieved by Doppler spectrum
division. Therefore, conventional parameter estimation algo-
rithms including MUSIC, ESPRIT, and CPD in [38] no longer
work. To obtain both transmit energy distribution optimization
and parameter estimation, a new parameter estimation method
based on CPD is proposed, and its performance is evaluated in
Section V-C.

B. Example 2: Discussion on Mv

A larger Mv narrows down the mainlobe interval between
adjacent beams, which consequently directs more beams within
the region of interest Θ. With a predetermined Θ, any Mv >
Mt can achieve transmit energy focusing by proper pulse se-
lection, and different Mv leads to a different transmit energy
beampattern. To evaluate the performance of transmit energy
distribution optimization, here we define the average energy per
pulse coming from within Θ as the transmit beamspace energy
P , which can be expressed as

P =
1

M

∑

q∈I

∫

Θ

∣∣aT (θ)wq

∣∣2 dθ (44)

where M is the number of selected pulses of each period for
slow-time TB MIMO radar, and I is the index set of the selected
pulses.
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Fig. 6. Beamspace energy P and the number of selected pulses M within
each pulse period versus Mv.

To illustrate the different beamspace beampatterns for dif-
ferent Mv, consider the following example. If the mainlobe
direction formed by a pulse vector satisfies θb,q ∈ Θ, its phase
modulation vector is selected to construct a new phase mod-
ulation matrix for slow-time TB MIMO radar. Taking Mv =
16 as an example, 9 modulation pulse vectors within a pe-
riod of 16 pulses are selected, and their pulse index set is
I = {1, 2, 3, 4, 5, 13, 14, 15, 16}, and the corresponding main-
lobe directions {cos θb,q}q∈I , defined in (16) with Mt = 16,
are {0, −1/8, −1/4, −3/8, −1/2, 1/2, 3/8, 1/4, 1/8}. Trans-
mit beamspace energy P and the total number of the selected
pulses within each period for Mv ∈ [9, 30] are calculated, and
results are shown in Fig. 6. Observing this figure, transmit
beamspace energy P varies with Mv, and does not always
decrease or increase as Mv increases. While the number of
selected pulses remains unchanged, the transmit beamspace
energy P increases as Mv gets larger. This is because a larger
Mv leads the selected beams to approach the center of Θ,
resulting in more transmit energy of sidelobes distributed within
Θ. However, as long as more pulses are added, P falls sharply,
and then gradually climbs until the number of selected pulses
increases again. More selected pulses lead to more energy of
sidelobes and even of mainlobes dispersing out of Θ, which
explains why P falls sharply when more beams are comprised.

The mainlobe direction θb,q is used as an indicator to de-
termine which modulation pulse vectors are selected for trans-
mit energy focusing, but the selection criterion is flexible and
should be adjusted to meet other requirements. In the follow-
ing example, the number of selected pulses is required to be
no smaller than Mt in order to ensure the maximum number
of detectable targets. In such a case, Mv = 16 is set, and 8
instead of 9 pulses are selected as an example to compare its
performance to traditional DDMA MIMO radars with Mt = 8.
A higher beamspace energy P can be obtained by choosing
a higher Mv to some extent, but not always, as is shown in
Fig. 6. Meanwhile, the maximum number of detectable targets

of parameter estimation also influences the value of Mv se-
lected. Therefore, both the beamspace energy distribution and
the required number of detectable targets should be consid-
ered when selecting a proper Mv for slow-time TB MIMO
radars.

C. Example 3: Performance Comparison of Parameter
Estimation

In this example, parameter estimation performance of the
proposed method is assessed in two scenarios: targets that are
distantly spaced and targets that are closely spaced. The per-
formance of the proposed method is also compared to that of
three other algorithms, including ESPRIT [26], CPD [38], and
PARAFAC-Direct [39]. CRBs for both PARAFAC-Direct and
the proposed methods are given as well. The detailed derivation
of CRBs can be found in the Appendix. According to the con-
figuration of the proposed L-shaped array radar, one transmit
subarray is arranged along z-axis, while the receive array is
arranged along x-axis. Thus, transmitter matrix Az,TB is asso-
ciated with elevation φ, while receiver matrix B is associated
with azimuth ϕ. By performing the proposed method on the
separated signal from the z-axis transmit subarray, {φk}K

k=1

using Az,TB and {ϕk}K
k=1 using B can be easily paired.

Assuming that Θ is known, Mv = 16 and the selected pulse
set is I = {1, 2, 3, 4, 13, 14, 15, 16}, then the corresponding
beam mainlobe directions {cos θb,q}q∈I for the selected pulses
are {0, −1/8, −1/4, −3/8, 1/2, 3/8, 1/4, 1/8}. The root mean
square error (RMSE) and the probability of source resolution
versus SNR for azimuth ϕ, elevation φ, and velocity v are
evaluated. RMSE is a standard metric used to measure the
estimation error, and it is defined as

RMSE =

√√√√ 1

N

N∑

i=1

(x − x̂i)2 (45)

where N is the number of observations, x represents the true
value of a parameter to be estimated, and x̂i is the estimate
for the ith trial. N = 300 Monte Carlo trials are performed
throughout this section. The probability of resolution will be
defined later. Considering that this example focuses on param-
eter estimation after transmit subarray signals separation, to
ensure the ideal independence of the subarrays, two orthogonal
waveforms (see (46)) are used as transmit baseband waveforms
in this example

ui(t) = rect

(
t − Tp/2

Tp

)
e
j2π i

Tp
t
, i = 1, 2. (46)

First, two distant targets are set with ϕ = {80◦, 88◦}, φ =
{92◦, 102◦}, and v = {0.4vmax, 0.6vmax}, and their estimation
results are shown in Fig. 7. The first two figures show the angle
estimation results of azimuth ϕ using the x-subarray transmitter
and elevation φ using z-subarray transmitter, respectively, and
it can be found that they almost share the same results for each
algorithm. To assess the performance of the proposed method
precisely, only the related information in the estimated trans-
mitter matrices Ax,TB and Az,TB defined in (35) are utilized
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Fig. 7. RMSE results of 2 distantly spaced targets. (a) Azimuth ϕ by transmit x-subarray. (b) Elevation φ by transmit z-subarray. (c) Azimuth ϕ by receive
array. (d) Velocity.

for angle estimation here.6 ESPRIT and CPD achieve nearly the
same performance except that CPD gains lower/better RMSE
results than ESPRIT for lower SNR cases, which confirms that
the multi-linear structure preserved in tensor-based signal mod-
els leads to better performance in lower SNR cases. The perfor-
mance of the PARAFAC-Direct method is worse than ESPRIT
and CPD when SNR is roughly in the range of −20 dB to 0 dB,
while it starts to outperform them when SNR is larger than 0
dB. The proposed slow-time TB MIMO technique outperforms
all aforementioned methods, particularly when SNRs are low,
which is mainly attributed to the optimization of transmit energy
distribution.

The results of azimuth estimation only using the receive array
are shown in Fig. 7(c). They are obtained by averaging the
RMSE results using the signals of x-subarray and z-subarray,

6Note that the receive array and the transmit subarray along z-axis can form
a virtual URA that can also be used for DOA estimation, but to keep the focus
on transmit energy focusing, the estimates based on matrices Ax,TB and
Az,TB are sufficient to demonstrate the benefits of the proposed approach.

which can be described as

RMSE =
1

2

⎛
⎝
√√√√ 1

K

K∑

k=1

RMSE2
x,k +

√√√√ 1

K

K∑

k=1

RMSE2
z,k

⎞
⎠

(47)

where RMSEx,k and RMSEz,k are the RMSE results of the
kth target for x-subarray and z-subarray, respectively. For the
azimuth estimation using the receive array, ESPRIT, CPD, and
PARAFAC-Direct produce comparable results, while the pro-
posed method outperforms the other three methods tested. How-
ever, the improvement of azimuth angle estimation using the
receive array is smaller than the improvement by using transmit
arrays in Fig. 7(a), confirming once again that transmit energy
optimization contributes to performance improvement.

To validate the proposed method’s ability to resolve veloc-
ity ambiguity, the velocity of the second target is changed to
4.6vmax, while other parameters remain the same as in the pre-
vious experiment of this example. As it is illustrated in Fig. 7(d),
only the results of PARAFAC-Direct and the proposed method
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Fig. 8. RMSE results of 2 closely spaced targets. (a) Angle estimation by transmit array. (b) Azimuth ϕ estimation by receive array.

Fig. 9. Probability of target resolution versus SNR of 2 closely spaced targets. (a) Angle estimation by transmit array. (b) Azimuth ϕ estimation by receive
array.

follow the descending trends of RMSE versus SNR, while RM-
SEs of ESPRIT and CPD methods are high (around 33.57 m/s)
even at high SNRs. It is because ESPRIT and CPD methods
are unable to resolve velocity ambiguity. Besides the ability to
resolve Doppler ambiguity, the proposed method achieves lower
RMSEs than the PARAFAC-Direct method, especially for the
SNRs lower than 0 dB. It is also noteworthy that Doppler am-
biguity makes it difficult for DDMA-based ESPRIT and CPD
methods to determine which transmit elements that the signals
come from, even after signal separation, rendering these two
methods invalid for DOA estimation. It demonstrates once again
that the proposed method may achieve velocity disambigua-
tion and improved performance of parameter estimation at the
same time.

Next, to assess the angle resolution of the proposed method,
two closely-spaced targets with ϕ = {86◦, 88◦}, φ = {100◦,
102◦}, and v = {0.4vmax, 0.6vmax} are used in the
following experiment. Given that the estimation results
of ϕ and φ are similar as illustrated in Fig. 7(a) and 7(b), the

angle estimation results given in Fig. 8(a) are obtained by
averaging the results of ϕ and φ using two transmit matrices,
and its calculation method can refer to (47). The RMSE results
for azimuth angles estimated by receive array are shown in
Fig. 8(b). Similar to the previous experiment, the proposed
method outperforms the other three methods, especially for
the estimation results using transmit array in Fig. 8(a).

The probability of target resolution, which refers to the like-
lihood that an algorithm can resolve two closely spaced targets,
is assessed among four methods. Two targets are considered to
be resolved if the angle estimation error satisfies

|θ̂ − θ| <
Δθ

2
(48)

where θ̂ and θ are the estimated and real angle values, re-
spectively, and Δθ = |θ1 − θ2| is the absolute angle difference
between two targets. The angle resolution results by transmit
and receive array are shown in Fig. 9(a) and 9(b), respectively.
Transmit matrices can be used to determine azimuth ϕ and
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elevation φ. To locate source targets in 3-D geometry, two
closely-spaced targets are considered to be resolved if their
azimuth ϕ and elevation φ fulfill (48) simultaneously. Thus,
only when ϕ and φ are resolvable simultaneously, the result
is recognized as resolvable in Fig. 9(a). Observing Fig. 9,
the probability of target resolution starts ramping up for each
method tested as SNR value increases until it eventually reaches
100% correct resolution, and the SNR value at which this
transition happens is called as SNR threshold [40]. It can be
clearly seen from Fig. 9(a) that transitions of ESPRIT, CPD,
and PARAFAC-Direct techniques happen at nearly the same
SNR value, while the SNR threshold of the proposed method
is around 10–15 dB lower than the other three methods tested.
When compared to angle estimation by the transmit array, the
proposed method also outperforms all other methods in angle
estimation by the receive array, as is depicted in Fig. 9(b), but
its improvement is less evident, same as in the scenario with
targets placed significantly apart from one another.

From two experiments conducted in this example, it can be
found that the proposed method achieves an evident perfor-
mance improvement of parameter estimation compared to ES-
PRIT, CPD, and PARAFAC-Direct in terms of both estimation
accuracy and closely spaced targets resolution.

VI. CONCLUSION

In this paper, a technique called slow-time TB MIMO for
L-shaped array radar is proposed to improve parameter estima-
tion performance and resolve velocity ambiguity. A new phase
modulation matrix for slow-time TB MIMO radar is designed
to achieve transmit energy optimization. By dividing the en-
tire spectrum into more subbands than the number of transmit
antenna elements, adjacent beams formed by pulse vectors get
closer, and more transmit beams can be comprised within the
region of interest. The new modulation matrix for the proposed
slow-time TB MIMO radar is constructed from those pulse vec-
tors whose beams are directed toward the desired region. A new
tensor-based signal model is designed for parameter estimation,
which preserves the multi-linear structure of signal measure-
ments. Moreover, it also preserves the velocity information
for velocity disambiguation which is missing in the matrix-
based methods with Doppler spectrum division. The parameter
estimation performance of the proposed method is enhanced,
especially for lower SNR cases, and velocity ambiguity is alle-
viated. Simulation results have verified that the proposed slow-
time TB MIMO radar technique has more effective parameter
estimation performance than the other existing methods.

APPENDIX

CRBS DERIVATION

First, the CRBs are derived for the signal of z-subarray. Vec-
torizing Yz in (31) into yz = vec(Yz) ∈ CQMr×1, the received
signal can be re-expressed as

yz =

K∑

k=1

σkb(ϕk) �
[
WT

z,TBaz(φk) ∗ d(fk)
]
+ vec(Zz)

(49)

where vec(·) denotes the vectorization operation. Given that the
receive array is set as a ULA along the x-axis in the simulation
experiments, b(ϕk) is used here. The corresponding covariance
matrix is then

R = yzy
H
z = CPCH + σ2

nI (50)

where P is a diagonal matrix with diagonal elements
σ2

1 , σ2
2 , . . . , σ2

K , σ2
n is the noise variance, I is an identity matrix

of size QMr × QMr, and the kth column of C is given as

ck = b(ϕk) �
[
WT

z,TBaz(φk) ∗ d(fk)
]
. (51)

Denote the unknown parameter vector as

ρ = [ϕ1, . . . , ϕK , φ1, . . . , φK , f1, . . . , fK , σ2
1 , . . . , σ2

K , σ2
n]T .
(52)

According to (4) in [46] the (m, n)-th element of the Fisher
information matrix (FIM) can be found as

[FIMz]m,n = NsTr

(
∂R

∂ρm
R−1 ∂R

∂ρn
R−1

)

m, n = 1, 2, . . . , 4K + 1 (53)

where Tr(·) denotes the trace of a matrix, ρn is the nth element
of ρ, ∂R/∂ρn stands for the partial derivative of R with respect
to ρn, (·)−1 denotes the inverse of a matrix, and Ns is the
number of snapshots. In the simulation experiments, Ns = 1,
i.e., a single snapshot is used.

The partial derivatives of R with respect to {ϕk}K
k=1,

{φk}K
k=1, {fk}K

k=1, {σ2
k}K

k=1, and σ2
n in the case of z-subarray

can be calculated by

∂R

∂ϕk
= σ2

k

(
∂ck

∂ϕk
cH

k + ck
∂cH

k

∂ϕk

)

∂ck

∂ϕk
=

∂b(ϕk)

∂ϕk
�
[
WT

z,TBaz(φk) ∗ d(fk)
]

∂R

∂φk
= σ2

k

(
∂ck

∂φk
cH

k + ck
∂cH

k

∂φk

)

∂ck

∂φk
=b(ϕk) �

[
WT

z,TB

∂az(φk)

∂φk
∗ d(fk)

]

∂R

∂fk
= σ2

k

(
∂ck

∂fk
cH

k + ck
∂cH

k

∂fk

)

∂ck

∂fk
=b(ϕk) �

[
WT

z,TBaz(φk) ∗ ∂d(fk)

∂fk

]

∂R

∂σ2
k

= ckc
H
k ,

∂R

∂σ2
n

= I. (54)

Using (53), FIM for the signal of z-subarray can be obtained,
and CRBs for azimuth ϕ, elevation φ, and Doppler shift f can
be respectively computed as

ϕCRB =

√√√√ 1

K

K∑

i=1

[
FIMz

−1
]
i,i
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φCRB =

√√√√ 1

K

2K∑

i=K+1

[
FIMz

−1
]
i,i

fCRB =

√√√√ 1

K

3K∑

i=2K+1

[
FIMz

−1
]
i,i

. (55)

The CRBs for the case of x-subarray can be derived in a
similar manner. Considering that there is no information about
{φk}K

k=1 contained in the signal transmitted from x-subarray,
the unknown parameter vector becomes

ρ = [ϕ1, . . . , ϕK , f1, . . . , fK , σ2
1 , . . . , σ2

K , σ2
n]T . (56)

The derivative of ck with respect to ϕk in this case becomes

∂ck

∂ϕk
=

∂b(ϕk)

∂ϕk
�
[
WT

x,TBax(ϕk) ∗ d(fk)
]

+ b(ϕk) �
[
WT

x,TB

∂ax(ϕk)

∂ϕk
∗ d(fk)

]
. (57)

The corresponding CRBs of ϕ and f can be calculated by

ϕCRB =

√√√√ 1

K

K∑

i=1

[
FIMx

−1
]
i,i

fCRB =

√√√√ 1

K

2K∑

i=K+1

[
FIMx

−1
]
i,i

(58)

where FIMx is the FIM for the signal of x-subarray.
The FIMs for the PARAFAC-Direct model have the same

form, and the only difference is that matrices Wx,TB and
Wz,TB are substituted by Wx and Wz, respectively.
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ABSTRACT

We propose a novel multibeam time-division (TD) integrated
sensing and communication approach. The TD strategy is
introduced to address the simultaneous high requirements for
sensing performance and communication rate, while the new
multibeam design is proposed to achieve wide-area sensing
with improved accuracy even for null-direction targets. Un-
like most multibeam methods that typically rely on beam
scanning and thus suffer from limited direction estimation
accuracy, the proposed method exploits inter-beam relation-
ships to enhance estimation accuracy. Moreover, the proposed
multibeam method achieves a significantly higher maximum
unambiguous velocity for null-direction targets, mitigating
the velocity ambiguity inherent in the conventional Doppler
division multiple access approach. Simulation results validate
the effectiveness of the proposed approach.

Index Terms— Multibeam, integrated sensing and com-
munication (ISAC), time-division (TD), wide-area sensing,
velocity deambiguity.

1. INTRODUCTION

Integrated sensing and communication (ISAC), which uni-
fies wireless sensing and communication (S&C) using shared
hardware and spectrum, has become a fundamental require-
ment for sixth-generation intelligent networks. Among its ex-
tensive applications, automotive systems, particularly those
enabling advanced autonomous driving, stand out as one of
the most prominent [1–3].

While vehicle-mounted sensor systems are well devel-
oped and provide high sensing accuracy, their reliance on
line-of-sight paths imposes fundamental constraints, limit-
ing their ability to support fully informed decision-making.
Sharing sensing data and other transportation-related in-
formation among vehicles becomes a crucial step towards
reliable vehicle automation [4]. However, this continu-
ous data sharing requires high data-rate communication to

This work was supported in part by the National Science Foundation’s
(NSF) and the Research Council of Finland (RCF) Research Cooperation
under grants NSF CNS2451268 and CNS2225578; and RCF 357715.

ensure operational effectiveness. In light of these require-
ments, automotive systems need to simultaneously provide
high-throughput communication and accurate sensing with
a wide field-of-view (FoV). As a result, sensing-centric ap-
proaches, which prioritize sensing but may suffer from low
data rates, and communication-centric approaches, which
rely on fine directional beams for high-throughput links but
lack wide sensing coverage, both fall short in automotive
applications.

To tackle the aforementioned challenge, a novel multi-
beam time-division (TD) ISAC approach is proposed, en-
abling both flexible tuning of the sensing-communication
performance tradeoff and high-accuracy sensing with a
wide FoV. The TD scheme is introduced to allocate non-
overlapping time resources for each functionality, which not
only simplifies implementation and system complexity, but
also enables dynamic performance tradeoff between S&C via
time allocation adjustment [4–10].

Previous research has investigated the wide-FoV sensing
in ISAC systems. Beam scanning during the communication
training phase was proposed in [11,12] to achieve radar sens-
ing across a wide area. A concept of multibeam was proposed
in [13], using a fixed sub-beam for communication while a
time-varying scanning sub-beam for radar sensing. However,
these approaches rely on beam scanning for direction esti-
mation, failing to exploit the inter-beam relationships. To
achieve accurate direction estimation, [14] proposed to gen-
erate multiple beams with identical beampatterns, realized by
circulantly shifted transmit beamformers, and beams yield a
uniform spatial energy distribution for sensing. A compressed
sensing method was then employed to achieve accurate direc-
tion estimation. However, the “uniform” energy distribution
is ensured only at discrete Fourier transform grid locations,
and multiple null directions appear within the beam coverage,
limiting the approach’s practicality.

Inspired by the Doppler division multiple access (DDMA)
approach [15], which uses phase modulation to generate as
many distinct beams as transmit antennas, Mt, we propose
to generate more beams by dividing the Doppler spectrum
into a larger number of subbands, denoted as Mv, satisfying
Mv > Mt. By exploiting inter-beam relationships, accurate
direction estimation can be achieved by adopting the parallel
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factor analysis (PARAFAC)-based method [16, 17]. For ve-
locity estimation at null directions, a larger Mv allows more
than one beam within a pulse cycle to attain nonzero gain.
This allows inter-beam phase differences for velocity deambi-
guity, thereby overcoming DDMA’s inherent limitation—the
reduction of the maximum detectable unambiguous velocity
by a factor of Mt. The proposed method is validated through
simulation experiments.

2. SYSTEM MODEL

2.1. Signal Model

Consider an automotive ISAC system where the source
vehicle employs two uniform linear arrays (ULAs): an
Mt-element transmit array and an Mr-element receive array,
with inter-element spacings dt and dr, respectively. For sim-
plicity, the communication user equipment (UE) is modeled
as a single-antenna receiver. A waveform with Q equispaced
frames is considered. During Q frames, the states of UEs and
targets remain constant, defining a coherent processing inter-
val (CPI) of CPI = QTr, where Tr is the duration per frame.
Each frame begins with sensing followed by communication,
with respective durations Ts = ρTr and Tc = (1 − ρ)Tr,
where ρ ∈ (0, 1). Let Tf be the signal sampling interval.
The numbers of samples per frame for S&C sequences are
Ns = Ts/Tf and Nc = Tc/Tf , respectively.

Let s[n] denote the sensing-slot sequence, satisfying
E(|s[n]|2) = 1, where |·| denotes absolute value operation. To
optimize the transmit energy distribution for sensing, a beam-
forming vector wMB,q is designed for the qth frame, forming
the multibeam matrix WMB = [wMB,0, . . . ,wMB,Q−1] for
Q frames. The transmitted signal during the sensing part can
then be expressed as

xs(t) =

Q−1∑
q=0

Ns−1∑
n=0

√
PswMB,qs[n]gTX (t− nTf − qTr) (1)

where Ps denotes the transmit signal power for sensing, and
gTX(t) is the sampled waveform.

Consider K targets with directions of departure (DODs)
θk, directions of arrival (DOAs) φk, and Doppler frequency
shifts fk, k ∈ [1,K], with the corresponding transmit and re-
ceive steering vectors a (θk) and b (φk). After matched filter-
ing, the received sensing signal over Q pulses can be stacked
into

ys =

K∑
k=1

σkNsb(φk)⊗
[
WT

MBa(θk)⊙ d(fk)
]
+ zs (2)

where σk is the complex coefficient incorporating the trans-
mit power, the receive antenna gain and the target reflection,
(·)T denotes the transpose, and the qth entry of the Doppler
frequency shift vector d(fk) is dq (fk) = ej2πfkqTr . Sym-
bols ⊗ and ⊙ stand for Kronecker and Hadamard products,

respectively. zs is the additive white Gaussian noise with en-
tries following CN (0, σ2

s ).
Equation (2) shows that the signal processing gain is di-

rectly proportional to Ns, indicating that sensing performance
improves with a larger time resource. On the other hand,
the beamforming vectors also affect performance through the
transmit energy distribution, mathematically characterized by
WT

MBa(θk).
Next we consider the communication with a single UE,

where the channel state information between transmitter and
UE is assumed known and constant over a CPI. Therefore, the
communication beamforming vector, denoted by wc, is fixed
across Q frames. The transmitted communication signal can
then be expressed as

xc(t) =

Q−1∑
q=0

Nc−1∑
n=0

√
Pcwccq[n]gTX (t− (n+Ns)Tf − qTr)

(3)
where Pc is the transmit signal power for communication
and cq[n] is the sampling sequence in the qth frame, with
E(|cq[n]|2) = 1.

The received communication signal at the UE during the
qth frame is

yc,q[n] =
√
Pch

T
c wccq[n] + zc,q (4)

where hc is the complex channel coefficient vector and zc,q ∼
CN (0, σ2

c ) is the additive noise.

2.2. Performance Metrics

To measure the ISAC system performance, the Cramér–Rao
Bound (CRB) and the communication spectrum efficiency
(SE) are used as performance metrics.

To comprehensively evaluate the estimation of all sensing
parameters, including DOD, DOA, and velocity, the overall
CRB is found as

CRB(φ, θ, f) = CRBφ +CRBθ +CRBf (5)

where CRBφ, CRBθ, and CRBf represent the CRBs of φ, θ,
and f , respectively.

According to (4), the effective communication SE is

SE = (1− ρ) log2

(
1 +

Pc|hT
c wc|2

σ2
c

)
. (6)

3. PROPOSED MULTIBEAM SCHEME

3.1. Beamformers for Multibeam Sensing

Inspired by the DDMA approach, which uses only phase
modulation to generate as many distinct beams as the number
of transmit elements, Mt, we propose to generate a larger
number of beams, denoted as Mv, such that Mv > Mt.

22618

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on May 12,2026 at 09:54:03 UTC from IEEE Xplore.  Restrictions apply. 



To realize it, the Doppler spectrum is divided into Mv uni-
form subbands, and the corresponding Doppler shifts are
fm = mPRF/Mv, where m ∈ [0,Mv−1] and PRF = 1/Tr.
The phase modulation vector for the qth pulse can then be de-

scribed as wq =
[
1, e−j2π PRF

Mv
qTr , . . . , e−j2π(Mt−1)PRF

Mv
qTr

]T
∈ CMt . Here we set dt = λ/2, a common configuration for
multiple-element array radar systems. The transmit energy
beampattern for the qth pulse as a function of the spatial angle
θ can then be derived as

Gq(θ) = |wT
q a (θ) |2 =

∣∣∣∣∣∣
sin

[
π
2Mt

(
sin θ − 2q

Mv

)]
sin

[
π
2

(
sin θ − 2q

Mv

)]
∣∣∣∣∣∣
2

, (7)

and the mainlobe direction of the beam formed by the qth
pulse, denoted as θb,q , satisfies sin θb,q = 2l+2q/Mv, where
l is an integer chosen such that sin θb,q remains within the
physical bounds of [−1, 1]. In this paper, each beams is iden-
tified by the index of its associated pulse, q, with q ∈ [0,Mv−
1], corresponding to the first pulse cycle.

From (7), two critical characteristics emerge. Firstly, θb,q
changes with each pulse, exhibiting a periodicity of Mv, caus-
ing the mainlobes of Mv distinct beams to sweep across the
entire spatial region. Therefore, for a specific region of inter-
est (ROI), denoted by Θ, wide-FoV sensing can be accom-
plished by properly selecting a subset of beams that cover Θ,
avoiding high computational complexity. Secondly, as Mv

increases, the spacings between adjacent mainlobes decrease
inversely proportional to Mv. The resulting denser beams
concentrate more transmit energy within a targeted region,
thereby enhancing the beamforming gain simply by increas-
ing Mv.

Drawing from the insights above, we propose a novel
multibeam sensing scheme. For a given ROI Θ, only these
beamforming vectors whose mainlobes fall within this region
are selected to generate beams for sensing, thereby avoiding
energy waste. To further enhance the beamforming gain, Mv

is increased. As noted in the second characteristic, this allows
more beams to be incorporated within Θ, which consequently
improves sensing performance. With predetermined Θ and
Mv, the number of selected beams within a period is denoted
as M , and their respective pulse indices are q0, . . . , qM−1.
The corresponding phase modulation vectors then form the
phase modulation matrix WMB for our proposed multibeam
ISAC system, defined as

WMB,0 =
[
wq0 ,wq1 , ...,wqM−1

]
WMB =

WMB,0,WMB,0, . . . ,WMB,0︸ ︷︷ ︸
Pv=Q/M times

 ∈ CMt×Q.
(8)

Fig. 1. Transmit beams and nulls when Mv = 8 (top) and
Mv = 16 (below).

3.2. Velocity Estimation at Null Directions

Using the multibeam beamformers, the received signal in (2)
can be reshaped into a tensor with dimensions Mr×M ×Pv:

Ys =

K∑
k=1

σkNsb (φk) ◦ aMB (θk) ◦ damb (fk) + Zs (9)

where Zs represents the noise tensor, and the velocity-related
vectors, damb (fk) and d0 (fk), along with the multibeam
steering vector aMB (θk, fk), are given as

damb (fk) =
[
d0(fk), dM (fk), . . . , dM(Pv−1)(fk)

]T
d0 (fk) = [d0(fk), d1(fk), . . . , dM−1(fk)]

T

aMB (θk, fk) =
(
WT

MB,0a(θk)
)
⊙ d0(fk).

(10)

From (10), the maximum detectable unambiguous veloc-
ity is determined by the phase differences among the elements
of d0 (fk), while the phase estimation of d0 (fk) depends on
the beam gain. Specifically, if wT

qma(θk) = 0, no phase can
be extracted from this beam, and thus dm (fk) cannot be esti-
mated. In this paper, such θk is referred to as a null direction.
In the worst case, where only one beam has nonzero gain at
θk, no phase difference is available, reducing the maximum
unambiguous velocity by a factor of M .

To investigate the impact of Mv on velocity ambiguity,
two cases are considered: Mt = Mv and Mt ̸= Mv. For
example, let Mt = 8 for both cases, while Mv = 2Mt = 16
for the second case. The corresponding transmit beam en-
ergy distributions of the first Mv beams are shown in Fig. 1.
Observing the top plot in Fig. 1, a total of 9 null directions
span the whole angular region. At any null direction (marked
by vertical red dashed lines), only one beam exhibits nonzero
gain, and the null direction coincides with the mainlobe direc-
tion of this beam. As a result, for a null-direction target, only
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Fig. 2. RMSE results for null-direction targets.

one entry of d0(fk) provides useful phase information, mak-
ing it impossible to extract velocity information from d0(fk).
Consequently, in this case, i.e., DDMA, velocity estimation
for null-direction targets suffers a reduction in maximum de-
tectable velocity by a factor of Mt.

The corresponding beampattern for the second case is de-
picted in the lower plot of Fig. 1. In contrast to the first case,
more distinct beams and nulls are distributed across the spatial
region, and more than one beam has nonzero gain at each null.
Recalling (7), the null directions for the qth beam, θnull,q , can
be derived as{

sin θnull,q = 2q
Mv

+ 2inull

Mt
∈ [−1, 1]

sin θnull,q ̸= 2q
Mv

+ 2jnull ∈ [−1, 1]
(11)

where inull and jnull are integers, and inull refers to the index
of a null direction for the qth beam. Equation (11) mathemati-
cally explains the beampatterns depicted in Fig. 1. According
to (11), beam q, sharing the null direction θnull,q0 with beam
q0, must satisfy

inull,0 − inull
q − q0

=
Mt

Mv
=

M1

M2
,

inull
Mt

̸= jnull (12)

where inull,0 is the null index of θnull,q0 for the beam q0, and
M1 and M2 are coprime. It can be seen from (12) that the
number of beams sharing a null direction is determined by
M2: q − q0 must be integer multiple of M2 to form a null
at θnull,q0 . When Mv > Mt, M2 > 1 is guaranteed. This
ensures that multiple beams do not satisfy the condition in
(12), and consequently, more than one beam exhibits nonzero
gain, enabling velocity estimation with lower ambiguity.

Although it has been proven that more than one entry of
d0 can be estimated when Mv > Mt, the impact of these es-
timated entries on the actual maximum unambiguous velocity
is left for future work due to page limitations.

4. SIMULATION RESULTS

This section presents simulation results to validate the pro-
posed method. For all experiments, both the transmit and re-
ceive arrays are ULAs, each consisting of 8 elements. Each
CPI consists of Q = 48 frames.

Fig. 3. Tradeoff between CRB and SE.

Let Mv = 2Mt = 16. With Θ defined as [−30◦, 30◦], the
indices of the selected beams are 0, 1, 2, 3, 12, 13, 14, 15. To
validate the proposed algorithm at null directions, an experi-
ment considers 4 targets located at sin(θ) = {−1/2,−1/4, 0,
1/4}, all at nulls, with respective velocities {−3.85,−1.28,
1.28, 3.85}λPRF/16. The root mean square error (RMSE)
is used to quantify estimation error, and is computed based
on 300 Monte Carlo trials. Fig. 2 presents the parameter
estimation results in terms of RMSE versus signal-to-noise
ratio (SNR), obtained using the PARAFAC-based method de-
scribed in [17]. The results show that the proposed method
achieves accurate parameter estimation for null-direction tar-
gets and effectively resolves velocity ambiguity.

Two sensing targets are positioned at {θk}2k=1 = {−10◦,
10◦} with identical ranges. Moreover, M = 8 beams centered
around 0◦ are selected. For communication, wc = a∗(θc) is
set, where θc is the UE direction and (·)∗ denotes conjugation.
Fig. 3 illustrates the overall CRB and SE results (as defined
in (5) and (6)) under varying time allocation proportions ρ
and Mv values to evaluate the performance tradeoff between
S&C. As shown in Fig. 3, the overall CRB increases with SE,
indicating that enhancing communication performance leads
to reduced sensing accuracy. This tradeoff is managed by ρ,
which dictates the time allocation between S&C. Regarding
beamforming, a larger Mv enhances sensing performance for
a given SE, as indicated by lower CRBs. Therefore, the per-
formance tradeoff for the proposed TD ISAC system can be
managed by adjusting the time allocation proportion, with a
proper Mv further improving sensing performance.

5. CONCLUSION

We have presented a TD scheme for ISAC to balance S&C
requirements, and proposed a novel multibeam method for
high-accuracy, wide-area sensing. Building on the proposed
TD ISAC framework, we have also developed a multibeam
design that utilizes simple phase modulation. This approach
allows for flexible sensing coverage and enhanced parameter
estimation. Moreover, the proposed method effectively ad-
dresses the limitation of velocity ambiguity for null-direction
targets, a common issue in traditional DDMA approaches.

22620

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on May 12,2026 at 09:54:03 UTC from IEEE Xplore.  Restrictions apply. 



6. REFERENCES

[1] S. Zhang, J. Chen, F. Lyu, N. Cheng, W. Shi, and
X. Shen, “Vehicular communication networks in the au-
tomated driving era,” IEEE Commun. Mag., vol. 56, no.
9, pp. 26–32, 2018.

[2] D. Ma, N. Shlezinger, T. Huang, Y. Liu, and Y. Eldar,
“Joint radar-communication strategies for autonomous
vehicles: Combining two key automotive technologies,”
IEEE Signal Process. Mag., vol. 37, no. 4, pp. 85–97,
2020.

[3] C. Brinton, M. Chiang, K. Kim, D. Love, M. Beesley,
M. Repeta, J. Roese, P. Beming, E. Ekudden, C. Li, and
G. Wu, “Key focus areas and enabling technologies for
6G,” IEEE Commun. Mag., vol. 63, no. 3, pp. 84–91,
2025.

[4] Q. Zhang, H. Sun, X. Gao, X. Wang, and Z. Feng,
“Time-division ISAC enabled connected automated ve-
hicles cooperation algorithm design and performance
evaluation,” IEEE J. Sel. Areas Commun., vol. 40, no.
7, pp. 2206–2218, 2022.

[5] J. Moghaddasi and K. Wu, “Multifunctional transceiver
for future radar sensing and radio communicating data-
fusion platform,” IEEE Access, vol. 4, pp. 818–838,
2016.

[6] J. Zheng, P. Chu, X. Wang, and Z. Yang, “Inner-frame
time division multiplexing waveform design of inte-
grated sensing and communication in 5G NR system,”
Sensors, vol. 23, no. 15, pp. 6855, 2023.

[7] L. Han and K. Wu, “Multifunctional transceiver for
future intelligent transportation systems,” IEEE Trans.
Microw. Theory Techn., vol. 59, no. 7, pp. 1879–1892,
2011.

[8] Y. Chen and X. Gu, “Time allocation for integrated bi-
static radar and communication systems,” IEEE Com-
mun. Lett., vol. 25, no. 3, pp. 1033–1036, 2020.

[9] M. Cao, Y. Chen, X. Gu, and W. Feng, “Joint bi-static
radar and communications designs for intelligent trans-
portation,” IEEE Trans. Veh. Technol., vol. 69, no. 11,
pp. 13060–13071, 2020.

[10] Z. Xiao and Y. Zeng, “Waveform design and perfor-
mance analysis for full-duplex integrated sensing and
communication,” IEEE J. Sel. Areas Commun., vol. 40,
no. 6, pp. 1823–1837, 2022.

[11] S. Dokhanchi, M. Shankar, T. Stifter, and B. Ottersten,
“Multicarrier phase modulated continuous waveform for
automotive joint radar-communication system,” in Proc.
IEEE Int. Workshop Signal Process. Adv. Wireless Com-
mun., Kalamata, Greece, Jun. 2018, pp. 1–5.

[12] P. McCormick, C. Sahin, S. Blunt, and J. Met-
calf, “FMCW implementation of phase-attached radar-
communications (PARC),” in Proc. IEEE Radar Conf.,
Boston, MA, USA, Apr. 2019, pp. 1–6.

[13] J. Zhang, X. Huang, Y. Guo, J. Yuan, and R. Heath,
“Multibeam for joint communication and radar sensing
using steerable analog antenna arrays,” IEEE Trans.
Veh. Technol., vol. 68, no. 1, pp. 671–685, 2018.

[14] P. Kumari, N. Myers, and R. Heath, “Adaptive and fast
combined waveform-beamforming design for mmwave
automotive joint communication-radar,” IEEE J. Sel.
Topics Signal Process., vol. 15, no. 4, pp. 996–1012,
2021.

[15] F. Xu, S. Vorobyov, and F. Yang, “Transmit beamspace
DDMA based automotive MIMO radar,” IEEE Trans.
Veh. Technol., vol. 71, no. 2, pp. 1669–1684, 2021.

[16] T. Zhang, F. Xu, and S. Vorobyov, “Transmit en-
ergy focusing for parameter estimation in transmit
beamspace slow-time MIMO radar,” in Proc. IEEE Int.
Conf. Acoust., Speech, Signal Process., Rhodes Island,
Greece, Jun. 2023, pp. 1–5.

[17] T. Zhang, S. Vorobyov, and F. Xu, “Transmit energy
focusing for parameter estimation in slow-time transmit
beamspace L-shaped MIMO radar,” IEEE Trans. Signal
Process., vol. 72, pp. 5228–5243, 2024.

22621

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on May 12,2026 at 09:54:03 UTC from IEEE Xplore.  Restrictions apply. 





Publication IV

T. Zhang, T. Kim, S. A. Vorobyov, and D. J. Love. A Novel Multibeam Time-
Division ISAC Approach for Accurate Sensing Parameter Estimation. IEEE
Transactions on Wireless Communications, vol. 25, pp. 16304–16319, May
2026.

© 2026 The Authors
Reprinted with permission.

97





16304 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

A Novel Multibeam Time-Division ISAC Approach
for Accurate Sensing Parameter Estimation
Tingting Zhang , Graduate Student Member, IEEE, Taejoon Kim , Senior Member, IEEE,

Sergiy A. Vorobyov , Fellow, IEEE, and David J. Love , Fellow, IEEE

Abstract—A novel multibeam time-division (TD) multiple-
input multiple-output (MIMO) integrated sensing and commu-
nications (ISAC) approach is proposed to achieve a balanced
tradeoff between sensing and communication functionalities and
accurate sensing parameter estimation with a wide field-of-view.
Firstly, the TD strategy is introduced to address the simultaneous
high demands for sensing performance and communication rate.
By allocating time resources between sensing and communica-
tions, this approach can reach a desired balance between them
while avoiding spectrum and spatial interference, as well as
competition in power allocation. Next, a new multibeam method
is developed to achieve wide-area sensing for TD MIMO ISAC.
Conventional multibeam methods typically rely on beam scan-
ning for direction estimation, suffering from limited accuracy.
Inspired by Doppler division multiple access (DDMA) approach,
the proposed method divides the Doppler spectrum into more
subbands, generating more beams than the number of transmit
antenna elements using only phase modulation. Beyond enabling
flexible control over the sensing coverage location through beam
selection, the proposed method also improves parameter estima-
tion accuracy by fully leveraging the inter-beam relationships,
particularly for targets located at null directions. Specifically, for
such targets, the proposed method achieves a significantly higher
maximum unambiguous velocity, mitigating the velocity ambigu-
ity inherent in conventional DDMA. Simulation results validate
the effectiveness of the proposed approach in enhancing both the
performance tradeoff between sensing and communication, and
the accuracy of sensing parameter estimation.

Index Terms—Multibeam, ISAC, time-division (TD), wide-area
sensing parameter estimation, velocity deambiguity.

I. INTRODUCTION

THE advent of sixth-generation (6G) wireless net-
works defines a new era in mobile communications,

where the integration of sensing and communications (S&C)
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using shared hardware and spectrum resources (known as
integrated sensing and communications (ISAC)), fundamen-
tally transforms how networks perceive and interact with
their environments. This integration offers the potential for
simultaneous high-speed data transmission as well as real-time
sensing, localization, and tracking of user equipments (UEs).
By leveraging information about UEs and their surrounding
environments obtained via both S&C, 6G networks aim to
intelligently adapt to diverse and dynamic mobility patterns,
delivering context-aware and intelligent services across various
emerging applications [1]. Among these, automotive systems,
particularly those supporting advanced autonomous driving,
represent one of the most prominent applications [2].

Although vehicle-equipped sensor systems have been highly
developed and capable of accurately sensing their surround-
ings, they are inherently limited to line-of-sight paths, which
is insufficient for fully informed decision-making. To address
this challenge, machine-to-machine (M2M) communication
plays a pivotal role. It was introduced in the fifth-generation
networks to provide connected services in regions without
broadband access, and is also expected to be more interactive
and autonomous in 6G [3]. Enabled by M2M communication,
the exchange of sensing data and other transportation-related
information among vehicles is a crucial step towards achieving
reliable automation in transportation systems [4]. However,
this continuous data sharing calls for high data-rate commu-
nication to maintain operational effectiveness. On the other
hand, unlike communication-centric approaches—where sens-
ing relies on narrow beams that are directed toward known
UEs for data transmission, leaving targets located outside
the communication beam undetected—automotive systems
must scan a wide angular field to detect unknown obsta-
cles, pedestrians, and road conditions in their surroundings
to ensure driving safety. Given these requirements, automo-
tive systems should simultaneously support high-throughput
communication and high-accuracy sensing with a wide field-
of-view (FoV). As a result, both sensing-centric approaches,
which prioritize sensing but suffer from low data rates,
and communication-centric approaches, which rely on fine
directional beams for high-throughput links but suffer from
narrow spatial coverage, fall short in automotive applica-
tions. The real challenge, then, is to simultaneously guarantee
sensing performance and communication quality while strik-
ing a performance balance between them to satisfy the
practical needs. To address the challenge above, we first
introduce the time-division (TD) ISAC approach to enable
flexible tuning of the sensing-communication performance
tradeoff.

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/
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Since S&C have fundamentally different requirements, per-
formance tradeoffs and mutual interferences between two
functionalities lead to increased complexity in waveform
design. One way to reduce this complexity is to employ sepa-
rate, dedicated waveforms for S&C, such as TD multiplexing
[4], [5], [6], [7], [8], [9], [10], space division multiplexing
[11], [12], and code division multiplexing [13]. Among them,
the TD scheme eliminates interference by allocating non-
overlapping time resources for each functionality. This not
only simplifies implementation and system complexity, but
also enables the dynamic performance tradeoff between S&C
through flexible time allocation adjustment. Several studies
have explored TD-based ISAC systems, and validated their
effectiveness and superiority to other ISAC approaches. The
works [8], [9] study the performance tradeoff for a TD
scheme in integrated bi-static radar and communication sys-
tems, and the closed-form expressions for the achievable rate
and radar detection accuracy are provided. In [4], an mmWave-
enabled connected automated vehicle cooperation algorithm
is designed based on the TD ISAC system for raw sensing
data sharing among vehicles, and hardware experiments are
conducted to verify its feasibility. The full-duplex capability
of the ISAC node is emphasized in [10] to enable TD multi-
plexing of dedicated S&C waveforms. However, to the best of
our knowledge, the investigation of TD ISAC in multiple-input
multiple-output (MIMO) systems remains largely unexplored
in the existing literature.

Several studies have explored wide-FoV sensing in ISAC
systems, but each approach presents limitations. Beam scan-
ning during the communication training phase was proposed
in [14] and [15] to enable radar sensing across a wide area;
however, this method inherently suffers from low angular
resolution in direction estimation. In [16], adaptive random
switching of transmit antennas during data transmission was
introduced to form a coherent beam, but only subsets of the
transmit antennas were utilized, resulting in transmit energy
inefficiency. The concept of multibeam was developed in [17],
where a fixed sub-beam was designed for communications
while a time-varying scanning sub-beam was used for radar
sensing. Despite this integrated design, direction estimation
still relies on beam scanning, failing to exploit the relationship
between different beam signals for direction estimation.

In [18], a transmit beamformer was proposed to generate a
narrow beam directed towards the communication UE while
distributing the remaining energy uniformly across the other
directions for radar sensing. To enable accurate estimation of
sensing parameters, the transmit beamformer was circularly
shifted to produce a number of different beamformers sharing
an identical beampattern, and then a compressed sensing
algorithm was applied to achieve improved angle estima-
tion performance compared to beam-scanning based methods.
However, the “uniform” energy distribution is only ensured at
discrete Fourier transform grid locations, and a number of null
directions exist within the wide beam coverage, making the
approach inadequate for real-world applications. Moreover, the
method in [18] is limited in terms of the number of detectable
targets. Specifically, it is restricted to fewer than half the
number of transmit antenna elements. These constraints pose
challenges for practical application scenarios.

Inspired by the Doppler division multiple access (DDMA)
approach [19] (which employs phase modulation to shift the
signals from different transmit antennas onto a set of equal-
width, nonoverlapping Doppler subbands, with the number
of subbands being equal to the number of transmit antenna
elements, Mt, thereby forming Mt distinct directional beams),
our proposed multibeam method designs a set of similar
phase modulation vectors to generate more distinct beams
by dividing the Doppler spectrum into a larger number of
subbands. The number of Doppler subbands is denoted by
Mv in this paper, and Mv = Mt corresponds to the case of
DDMA. Clearly, DDMA is a special case of the multibeam
method, in which the number of distinct beams and the trans-
mit energy distribution of individual beams are constrained by
the number of transmit antenna elements, lacking flexibility
in the beampattern design. Moreover, an inherent bottleneck
of DDMA is the severe velocity ambiguity that arises for a
target located at a null direction, where a null direction refers
to a direction at which a beam exhibits zero gain. According
to the Nyquist sampling theorem, the maximum unambiguous
velocity is determined by the pulse sampling frequency. In
the DDMA scheme, at any null direction, only one of the Mt

pulses per period forms a beam that contributes nonzero gain,
resulting in a downsampling of the received signal by Mt

times in the slow-time domain. Consequently, the maximum
unambiguous velocity is reduced by the same factor Mt. A
detailed analysis of this phenomenon is provided in Section V.

To address these issues, we propose dividing the Doppler
spectrum into a larger number of subbands than the number
of transmit antennas, i.e., Mv > Mt. The most immediate
consequence is the generation of more beams. In practical
sensing scenarios, a limited spatial region, rather than the
entire angular domain, is typically of interest. To accommodate
this, the flexible selection of beamformers can dynamically
tailor the sensing coverage, allowing for a reconfigurable FoV
and improved energy efficiency. In addition, the beam density
can be adjusted by tuning the parameter Mv, offering greater
design flexibility in beampattern design. It is noteworthy that
this beam selection causes the signal in the slow-time domain
to no longer exhibit a complex sinusoidal form [21]. As a
result, orthogonality in the slow-time domain is lost, rendering
Doppler spectrum-based separation, as in classical DDMA,
infeasible. Nevertheless, channel separability is preserved and
can be achieved by using tensor-based methods. In this work,
the tensor decomposition-based approach of [20] and [21]
is used for high-accuracy angle estimation by exploiting the
transmit channel diversity. In terms of velocity estimation, with
a larger Mv, more than one beam within a pulse cycle achieves
nonzero gain at a null direction, enabling the use of phase
differences between beams for velocity deambiguity.

The contributions of this paper are summarized as follows.

• TD MIMO ISAC: A TD MIMO ISAC framework
is introduced to efficiently manage the dynamic per-
formance tradeoff between S&C with low system and
implementation complexity. The Cramér–Rao Bound
(CRB) and the communication spectral efficiency (SE)
are employed as metrics to analyze the tradeoff between
S&C.
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• Novel multibeam method for wide FoV sensing: A
novel multibeam scheme is proposed for wide-area sens-
ing. Using only phase control, the method can flexibly
adjust both the coverage area and the beamforming gain
over the region of interest.

• High-accuracy parameter estimation: Unlike existing
multibeam methods that rely on beam scanning for tar-
get direction estimation, the proposed approach exploits
the inter-beam relationship for accurate target direction
estimation. A parallel factor analysis (PARAFAC)-based
method is employed for parameter estimation, accom-
panied by a new uniqueness condition for PARAFAC
involving two Vandermonde-structured factor matrices.

• Velocity deambiguity for null-direction targets: The
feasibility of estimating velocity for targets located at null
directions, which is a bottleneck for traditional DDMA
methods, is analyzed, and a corresponding velocity esti-
mation technique is developed.

The rest of the paper is organized as follows. In Section II,
the signal model of a TD ISAC MIMO system is introduced.
Next, the proposed beamformer design for the multibeam
sensing scheme is introduced in Section III, and then its
beampattern characteristics are analyzed. In Section IV, a
PARAFAC-based algorithm is introduced to estimate sensing
parameters, and the uniqueness condition of PARAFAC with
two Vandermonde factor matrices is presented. In Section V,
the beampattern of the proposed multibeam scheme at null
directions is investigated, and a velocity estimation algorithm
for null-direction targets is provided. Section VI conducts
simulation experiments to validate the effectiveness of the
proposed method.

Notations: Scalars, vectors, matrices, and tensors are
denoted by lower-case, boldface lower-case, boldface upper-
case, and calligraphic letters, e.g., x, x, X, and X , respectively.
The (i1, i2, . . . , iN )-th entry of X is represented by Xi1...iN ,
while the i-th element of x is xi. The transpose, conjugate,
Hermitian transpose, and inversion operations are respectively
represented by (·)T, (·)∗, (·)H, and (·)−1. Column-wise Kro-
necker product, Hadamard product, outer product, Kronecker
product, and element-wise division are denoted by ∗, �, ◦,
⊗, and �, respectively. Moreover, Tr(·) denotes the trace of
a matrix, ∂X/∂x stands for the partial derivative of X with
respect to x, X〈T 〉 denotes the matrix formed by selecting
the top T rows of X, and X and X are obtained by deleting
the bottom and top rows of X, respectively. The (conventional)
rank and Kruskal rank of a matrix are denoted by r(·) and k(·),
respectively. Finally, | · | denotes the element-wise absolute
value operation, ‖ ·‖2 denotes the Euclidean norm of a vector,
b·c and d·e represent respectively rounding down and rounding
up to the nearest integer, and [[·]] denotes the operation of
extracting the fractional part of a value.

II. SYSTEM MODEL

Consider an automotive ISAC MIMO system in which a
source vehicle is equipped with two uniform linear arrays
(ULAs): one with Mt antenna elements for transmission and
the other with Mr elements for reception. Full-duplex sensing
operation is assumed, enabled by the advances in isolation
and self-interference cancellation [22]. The distances between

Fig. 1. Illustration of the TD ISAC waveform frame structure. One frame
(CPI) consists of Q slots. For each slot, the first time interval of duration
Ts = ρTr is allocated for sensing, while the second interval of duration
Tc = (1 − ρ)Tr is for communications. For simplicity, inter-slot gaps and
boundary symbols are omitted.

adjacent elements in transmit and receive arrays are denoted
by dt and dr, respectively. For simplicity, the communication
UE is assumed to be a single-antenna receiver.

We consider a generic waveform frame structure with
Q equispaced slots, over which the locations and relative
velocities of UEs and targets are assumed to remain constant,
thereby defining a coherent processing interval (CPI) for
sensing. The duration of each slot is denoted as Tr, which
is also known as the pulse repetition interval in radar sensing.
Sensing is operated at the beginning of each slot, followed by
communication, with durations Ts = ρTr and Tc = (1− ρ)Tr
for S&C segments, where ρ ∈ (0, 1) is the proportion of time
resource allocated to sensing in the TD ISAC framework. It is
assumed that the communication receiver can detect the end of
the sensing signal segment, which can be implemented using
boundary symbol detection algorithms. For ease of exposition,
a simplified frame structure is employed in this paper, omitting
inter-slot gaps and boundary symbols between S&C portions.
Consequently, CPI = QTr. Let the signal bandwidth be B,
then the sampling duration is Tf = 1/B. Define Nf = bTs/Tfc
and Nc = bTc/Tfc as the lengths of S&C sampling sequences
per slot, respectively.

A. Signal Model for Sensing
Denote the sampling sequence used in the sensing phase

as s[n], n = 0, 1, . . . , Nf − 1. This sequence typically
remains the same across slots (pulses) for coherent signal
processing within a CPI and satisfies the power constraint
E(|s[n]|2) = 1. The sequence s[n] is carefully designed to
possess favorable autocorrelation and spectral characteristics
for sensing applications. An example is s[n] = exp(jπn2/Nf),
which corresponds to a classical linear frequency modulation
waveform. To optimize the transmit energy distribution for
sensing, a beamforming vector wMB,q ∈ CMt for the qth
slot is designed for multibeam FoV sensing. The beamforming
matrix, which consists of Q beamforming vectors for Q pulses,
is represented by WMB = [wMB,1, . . . ,wMB,Q] ∈ CMt×Q.
The transmitted signal during the sensing part can then be
described as

xs(t) =

Q∑

q=1

Nf−1∑

n=0

√
PswMB,qs[n]gTX (t− nTf − (q − 1)Tr) ,

(1)
where Ps denotes the transmit sensing signal power for each
pulse and gTX(t) is the Nyquist waveform with bandwidth
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B, whose sampled autocorrelation satisfies RgTX
[n] = δ[n],

where δ[n] denotes the Kronecker delta function.
Suppose that there are K targets in the illuminated area,

and the direction of departure (DOD) and direction of arrival
(DOA) for the kth target are respectively denoted as θk and
ϕk, k = 1, . . . ,K. For simplicity, this paper assumes line-
of-sight (LoS) propagation in the theoretical analysis.1 The
steering vectors of the transmit and receive ULAs for the kth
target can be expressed as, respectively,

a (θk) =
[
1, ej2π

dt
λ sin θk , . . . , ej2π

dt
λ (Mt−1) sin θk

]T
,

b (ϕk) =
[
1, ej2π

dr
λ sinϕk , . . . , ej2π

dr
λ (Mr−1) sinϕk

]T
, (2)

where λ is the carrier wavelength. After matched filtering, the
received sensing signal for Q pulses in a CPI can be expressed
as

ys =

K∑

k=1

σkNfb(ϕk)⊗
[
WT

MBa(θk)� d(fk)
]

+ zs, (3)

where σk is the complex-valued coefficient incorporating the
transmit power, receiver antenna gain, and the reflection coeffi-
cient of the kth target. zs is the additive white Gaussian noise,
with elements drawn from CN (0, σ2

z ), where σ2
z is the noise

power after matched filtering. The qth entry of the Doppler
frequency shift vector d(fk) is given by

dq (fk) = ej2πfk(q−1)Tr , q = 1, . . . , Q, (4)

where fk = 2vk/λ is the Doppler frequency shift, and vk is
the velocity of the kth target. It can be seen from (4) that
the maximum detectable unambiguous velocity is determined
by the slow-time sampling frequency, i.e., pulse repetition
frequency (PRF), and is given by vmax = λPRF/4 with
PRF = 1/Tr.

It can be observed from (3) that the signal processing gain
of the received signal is directly proportional to Nf . Therefore,
with other parameters held constant, the sensing performance
is positively correlated with the duration of the sensing slot. On
the other hand, the beamforming vectors also influence sensing
performance by determining the transmit energy distribution,
which is mathematically characterized by WT

MBa(θk). The
design of WMB will be presented in detail in Section III.

To measure the sensing performance, CRB is employed as
a benchmark. The covariance matrix of ys is

R = ysy
H
s = N2

f CPCH + σ2
zI, (5)

where P is a diagonal matrix with diagonal elements
σ2
1 , σ

2
2 , . . . , σ

2
K , I is an identity matrix (here of size QMr ×

QMr), and the kth column of C is given by

ck = b(ϕk)⊗
[
WT

MBa(θk)� d(fk)
]
. (6)

Denote the unknown parameter vector as

ρ = [ϕ1, . . . , ϕK , θ1, . . . , θK , f1, . . . , fK , σ
2
1 , . . . , σ

2
K , σ

2
z ].

(7)

1The non-LoS (NLoS) case is presented in Section VI.

The (m,n)-th element of the Fisher information matrix (FIM)
can be found as

[FIM]m,n = Tr

(
∂R

∂ρm
R−1

∂R

∂ρn
R−1

)
. (8)

To comprehensively evaluate all estimated parameters, includ-
ing DOD, DOA, and velocity, we use the following operation
as the final metric for sensing performance, given by

CRB(ϕ, θ, f) =
1

K
Tr
([

FIM−1]
1:3K

)
, (9)

where
[
FIM−1]

1:3K
denotes the submatrix obtained by

extracting the first 3K rows and columns of FIM−1. Since
{σ2

k}Kk=1 and σ2
z are not the parameters of interest, they are

excluded when calculating CRB.

B. Signal Model for Communications

We consider the case with a single UE, and the channel state
information (CSI) between the transmitter and UE is assumed
to be known and constant within a frame. For automotive
scenarios with high mobility, the CSI varies across frames due
to channel dynamics; therefore, the constant CSI assumption is
emphasized to apply only within a single frame. Considering
that this paper focuses on sensing parameter estimation in the
TD ISAC framework, and that communication is addressed
in terms of the performance tradeoff introduced by the TD
scheme, we assume for clearness a single UE and perfect, fixed
CSI within a frame for communication. Therefore, the com-
munication beamforming vector remains unchanged across Q
slots, and is denoted as wc, satisfying ‖wc‖2 = Mt. The
transmitted signal for communications can then be described
as

xc(t) =
Q∑

q=1

Nc−1∑

n=0

√
Pcwccq[n]gTX (t− (n+Nf)Tf − (q − 1)Tr) ,

(10)

where Pc denotes the transmit signal power for communication
in each slot, and cq[n] denotes the sampled sequence for the
communication part in the qth slot, satisfying E(|cq[n]|2) = 1.

The received communication signal by the UE for the qth
slot is

yc,q[n] =
√
Pch

T
c wccq[n] + zc,q, (11)

where hc is the complex channel coefficient vector between
the Mt antennas of the transmitter and the UE receiver, and
zc,q is the additive noise following CN (0, σ2

c ). Based on (11),
the effective communication SE can be derived as

SE = (1− ρ) log2

(
1 +

Pc|hT
c wc|2
σ2
c

)
. (12)

As observed from (5) and (12), the time allocation proportion,
ρ, affects S&C performance: a larger ρ improves sensing per-
formance but results in lower communication SE. Therefore,
ρ serves as a direct and intuitive parameter in balancing the
performance tradeoff between S&C.
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III. PROPOSED MULTIBEAM SCHEME FOR TD ISAC

A. Beamformers for Multibeam Sensing

Before presenting the proposed multibeam sensing scheme,
we first introduce the fundamental principle of the DDMA
approach. Dividing the entire Doppler spectrum into Mt

uniform, non-overlapping subbands, and shifting the signals
transmitted from different antennas onto distinct Doppler
subbands, Doppler-domain orthogonality among the signals
transmitted from different channels can be achieved. This
can be achieved through DDMA phase modulation with Mt

Doppler shifts. With DDMA approach, Mt distinct beams
can be formed and cover the whole spatial region. Thanks to
the orthogonality among transmit channels, DDMA facilitates
accurate direction estimation.

Motivated by the DDMA approach, we propose to generate
more beams than the number of transmit antennas, Mt, and the
number of beams for the proposed method is denoted as Mv,
satisfying Mv > Mt. To realize it, the Doppler spectrum is
divided into Mv uniform subbands, and the resulting Doppler
shifts are

fm = (m− 1)
PRF

Mv
, m = 1, . . . ,Mv. (13)

By selecting the first Mt Doppler shifts assigned to the Mt

antenna elements, the phase modulation vector for the qth
pulse can be expressed as

wq =
[
1, e−j2π(q−1)Tr

PRF
Mv , . . . , e−j2π(q−1)Tr

PRF
Mv

(Mt−1)
]T
.

(14)
Note that any set of Mt consecutive Doppler shifts produces
an identical beampattern except for a different extra phase.

In this work, dt = λ/2 is set, which is a common practice
for multiple-element array radar systems. The transmit energy
beampattern with respect to the spatial angle θ for the qth
pulse can then be expressed as

Gq(θ) = |wT
q a (θ) |2 =

∣∣∣∣∣∣

sin
[
π
2Mt

(
sin θ − 2(q−1)

Mv

)]

sin
[
π
2

(
sin θ − 2(q−1)

Mv

)]

∣∣∣∣∣∣

2

,

(15)
and the mainlobe direction θb,q for the qth pulse satisfies

sin θb,q = 2l +
2(q − 1)

Mv
, q = 1, 2, . . . , Q, (16)

where l is an integer to guarantee that sin θb,q ∈ [−1, 1].
From (15) and (16), two critical characteristics emerge.

Firstly, θb,q varies from pulse to pulse with a cycle of Mv

pulses. As a result, the mainlobes of Mv distinct beams sweep
across the entire spatial region. Considering the emphasis on
the multibeam design, each generated beam is identified by
the index of its associated pulse, q, and the pulse vector
defined in (14) is also referred to as the beamforming vector
of the qth beam. Due to the periodicity of individual beam
patterns, the beam indices are confined to a single pulse
cycle, i.e., q ∈ [1,Mv]. From the multibeam perspective,
DDMA can be interpreted as a special case of multibeam
transmission that emits Mv = Mt distinct directional beams
per cycle. Moreover, wide-FoV sensing over a desired region,
denoted by Θ, instead of the whole spatial domain, can be

achieved by properly selecting a subset of beams covering
Θ, while avoiding high computational complexity by using
beamforming vectors drawn from the pre-generated set in (14).
Secondly, as Mv increases, the spacings between adjacent
mainlobes become narrower because the spacings are inversely
proportional to Mv. Given a fixed array configuration, defined
by Mt and dt/λ, among other parameters, the mainlobe
beamwidth at a given direction remains constant, regardless
of variations in Mv for modulation purposes. Consequently,
denser beam spacings result in a higher concentration of
transmit energy within the targeted region. This characteristic
allows the beamforming gain within Θ to be enhanced just by
increasing Mv.

Motivated by the insights above, we propose a novel multi-
beam sensing scheme for TD ISAC systems. Given a spatial
region of interest to be sensed, only those beamforming vectors
whose mainlobes fall within this region are selected to gener-
ate sensing beams, avoiding energy waste. To further improve
sensing performance, higher beamforming gain is pursued.
This is facilitated by increasing Mv, which reduces the beam
spacings as discussed in the second characteristic, thereby
allowing more beams to fall within Θ. Given predetermined Θ
and Mv, M ≤Mv pulses in every pulse cycle have their beam
mainlobes steered towards Θ. The indices of these M beams
are q1, . . . , qM , and their corresponding phase modulation
vectors constitute a phase modulation matrix WMB for the
proposed multibeam ISAC MIMO system, which is given by

WMB,0 , [wq1 ,wq2 , . . . ,wqM ],

WMB ,


WMB,0,WMB,0, . . . ,WMB,0︸ ︷︷ ︸

Q/M


 ∈ CMt×Q,

(17)

where Q/M is assumed to be an integer, and the qth column
vector of WMB is used for the qth pulse. It is noteworthy to
mention that, due to the use of beam selection for adapting
to dynamically varying desired regions, only a subset of pulse
vectors is utilized, resulting in an actual pulse cycle of M
pulses. Therefore, to avoid ambiguity, we clarify that the qth
beam is used to identify the Mv different beams, where q ∈
[1,Mv], even though some beams may not be formed.

As discussed above, M and Mv critically shape the spatial
transmit energy distribution. Specifically, M influences the
spatial coverage extent, while Mv controls beam density;
together, they jointly determine the overall beamforming gain.
The quantitative impact of M and Mv on transmit energy
distribution and sensing performance will be demonstrated
through simulation experiments in Section VI.

In addition to optimizing the transmit energy distribution,
the proposed multibeam beamformer can significantly mitigate
velocity ambiguity at null directions, yielding a maximum
unambiguous velocity that is Mt times larger than that of the
DDMA approach, as detailed in Section V. Moreover, with
respect to direction finding, the proposed multibeam method
gains higher accuracy (by exploiting the inter-beam relation-
ships) compared to traditional beam-scanning techniques. The
comprehensive procedure for sensing parameter estimation is
present in Section IV.
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B. Beamformer for Communications
We now design the beamformer dedicated to the communi-

cation UEs. The objective of the communication beamformer
is to maximize the transmit beamforming gain at the UEs
based on the available channel state information, thereby
enhancing the SE. Unlike most existing ISAC systems, which
require joint beamformer design to balance S&C performance,
the proposed TD ISAC approach eliminates the need for
such tradeoffs, except for time allocation between the two
functionalities. Specifically, since S&C operate in orthogonal
time slots, there is no spectrum or power resource compe-
tition between them, nor does the spatial interference from
sensing signals affect communication performance. Therefore,
the S&C beamformers can be designed independently.

Various types of beamformers have been proposed in wire-
less communications to meet different performance objectives,
including equal gain transmission [23], maximum ratio trans-
mission [24], and other adaptive beamformer algorithms [25].
Since this work primarily focuses on the sensing beamformer
design, the communication model is simplified by considering
a single UE at a known direction θc. The maximum ratio
transmission approach is adopted, where the communication
beamforming vector is wc = h∗c , with hc = a(θc). This con-
figuration is consistent with the simulation setup in Section VI.

Finally, it is noteworthy that the proposed multibeam TD
ISAC can be readily extended to the multi-UE case, although
this introduces additional challenges, such as UE scheduling
and beam allocation among UEs. Thanks to the separability of
S&C functionalities, these challenges do not compromise the
effectiveness of the proposed multibeam TD ISAC approach.
The TD framework can be readily adapted to the multi-UE
case by appropriately adjusting the time allocation ratio, ρ, to
satisfy communication performance for all UEs.

IV. PARAFAC FOR SENSING PARAMETER ESTIMATION

In this section, a three-dimensional (3-D) tensor signal
model is derived for the proposed multibeam approach, and
then a corresponding parameter estimation algorithm based on
PARAFAC is presented. Furthermore, a new uniqueness con-
dition for PARAFAC with two Vandermonde factor matrices
is established, and a low-complexity algorithm is proposed to
efficiently implement the PARAFAC.

A. Preliminaries on Tensor and PARAFAC
Before presenting the proposed tensor signal model, we first

review some preliminary concepts on tensors and PARAFAC
for clarity. An N th-order tensor X ∈ CI1×···×IN is said to be
rank-1 if it can be expressed as the outer product of non-zero
vectors a(n) ∈ CIn , n = 1, . . . , N , such that Xi1...iN , satisfies
Xi1...iN =

∏N
n=1 a

(n)
in

. A decomposition of a tensor into a sum
of rank-1 terms is referred to as Polyadic Decomposition (PD):

X =

R∑

r=1

a(1)
r ◦ · · · ◦ a(N)

r . (18)

The rank of a tensor X is defined as the minimal number of
rank-1 tensors whose linear combination yields X . If the rank
of X is R, then (18) is called the Canonical PD of X , also
known as PARAFAC decomposition.

Stacking the vectors {a(n)
r }Rr=1 into a matrix, we define

A(n) =
[
a
(n)
1 , . . . ,a

(n)
R

]
∈ CIn×R, n = 1, . . . , N, (19)

where {A(n)}Nn=1 are referred to as the factor matrices of X .
Moreover, A(n) is said to be a Vandermonde matrix if

a(n)
r =

[
1, z(n)r ,

(
z(n)r

)2
, . . . ,

(
z(n)r

)In−1]T
, (20)

where {z(n)r }Rr=1 are called the generators of A(n).
Consider a 3-D tensor X ∈ CI1×I2×I3 , as used in this paper.

The PARAFAC decomposition of X in (18) is unique, up to
permutation and scaling of the columns, if [28]

k
(
A(1)

)
+ k

(
A(2)

)
+ k

(
A(3)

)
≥ 2R+ 2. (21)

B. Tensor Model for Multibeam Scheme
With the proposed multibeam beamformers in (17), the

received vector-form signal in (3) can be reshaped into a tensor
of size Mr × Pv ×M as follows

Ys =

K∑

k=1

σkNfb (ϕk)◦damb (fk)◦aMB (θk, fk)+Zs, (22)

where Pv = Q/M is assumed to be an integer, Zs is a noise
tensor, and the velocity-related vectors damb (fk) and d0 (fk),
as well as the multibeam steering vector aMB (θk, fk), are
given by, respectively,

damb (fk)

=
[
d1 (fk) , d1+M (fk) , . . . , d1+M(Pv−1) (fk)

]T
,

(23)

d0 (fk) = [d1 (fk) , d2 (fk) , . . . , dM (fk)]
T
, (24)

aMB (θk, fk) =
(
WT

MB,0a (θk)
)
� d0 (fk) . (25)

Here, the factor matrices B, Damb, and AMB of Ys are
constructed by stacking the vectors b (ϕk), damb (fk), and
aMB (θk, fk) column-wise for k = 1, . . . ,K, respectively.
Similarly, A and D0 are formed by stacking a (θk) and
d0 (fk), respectively. B, Damb, and AMB can be obtained
using PARAFAC, for example, through alternating least
squares [26] or singular value decomposition (SVD) algo-
rithms [27].

With the estimated AMB, denoted by ÂMB, the DODs
{θk}Kk=1 are estimated via the minimum mean square error
(MMSE) estimation algorithm. From (25), it can be seen that
AMB is the Hadamard product of ÃMB = WT

MB,0A and D0.
Considering that D0 has unit-amplitude exponential elements
and does not affect the element amplitudes in AMB, {θk}Kk=1

can be estimated by solving the MMSE problem

θ̂k = arg min
θ
‖|âMB,k| − |ãMB(θ)|‖22 , (26)

where âMB,k is the kth column vector of ÂMB, and ãMB(θ) =
WT

MB,0a(θ).
Compared to d (fk) defined in (4), we can find that

damb (fk) in (23) can be viewed, from a sampling perspective,
as an undersampled version of d (fk) with a sampling factor of
M . As a result, the maximum unambiguous velocity decreases
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by a factor of M if relying solely on damb (fk) for velocity
estimation, leading to serious velocity ambiguity. On the other
hand, despite sharing the same sampling rate as d (fk), d0 (fk)
comprises only the first M elements of d (fk), which leads to
low velocity estimation accuracy when used alone. Therefore,
Damb should be combined with D0 to obtain unambiguous,
accurate velocity estimation. Let D̂amb denote the estimate of
Damb. Then, D0 can be estimated by

D̂0 = ÂMB � ˆ̃
AMB, (27)

where ˆ̃
AMB is the estimate of ÃMB using the estimated

{θ̂k}Kk=1. With D̂amb and D̂0, we can build

D̂amb ∗ D̂0 , [d (f1) ,d (f2) , . . . ,d (fK)] . (28)

From (28), {vk}Kk=1 can be recovered without ambiguity.

C. Uniqueness Condition of PARAFAC

The feasibility of PARAFAC-based parameter estima-
tion algorithms essentially depends on the uniqueness of
PARAFAC. According to the uniqueness condition in (21),
factor matrices of Ys can be uniquely determined if k(B) +
k(Damb)+k(AMB) ≥ 2K+2 holds. However, this condition
is sufficient but not necessary, and the condition can be relaxed
when factor matrices follow some special structures. It can
be observed that two factor matrices, B and Damb, exhibit
Vandermonde structure, with their generators {zB,k}Kk=1 and
{zDamb,k}Kk=1, respectively. In practice, the parameters of
K targets, including DODs, DOAs, and velocities, may not
be distinct, so the factor matrices are not necessarily full-
column rank, i.e., they can be rank-deficient. In light of this,
a new uniqueness condition is proposed for tensors with two
Vandermonde-structured and potentially rank-deficient factor
matrices.

First, we construct the matrix

Y =
(
B〈T1〉 ∗D

〈T2〉
amb

)(
B〈L1〉 ∗D

〈L2〉
amb ∗AMB

)T

T1 + L1 = Mr + 1, T2 + L2 = Pv + 1, (29)

where Y is the matrix obtained by unfolding Y ∈
CT1×T2×L1×L2×M along a specific mode. Since we are
primarily concerned with the relationships among elements
within a column, column scalings have no impact on the
parameter estimation here. Therefore, for simplicity, column
scalings are omitted in (29) and subsequent mathematical
expressions. Y is obtained by applying the spatial smoothing
mapping technique [27], given by

[Y]t1,t2,l1,l2,m = [Ys]t1+l1−1,t2+l2−1,m. (30)

Assume that B has G ≤ K distinct generators with
multiplicity P1, . . . , PG, where 1 ≤ Pg ≤ K for g ∈ [1, G].
Then, B can be grouped in column blocks accordingly and
represented as

B ,
[
1T
P1
⊗ b1,1

T
P2
⊗ b2, . . . ,1

T
PG ⊗ bG

]
, (31)

where 1Pg denotes an all-one column vector of length Pg ,
and bg = [1, zB,g, . . . , zMr−1

B,g ]T is the Vandermonde vector
associated with the gth distinct generator, zB,g . Despite the

multiplicities of generators, the uniqueness condition can be
relaxed as 




r
(
B〈T1〉 ∗D

〈T2〉
amb

)
= K

r
(
B〈L1〉 ∗D

〈L2〉
amb ∗AMB

)
= K

Pg + 1 ≤ T2, g = 1, . . . , G.

(32a)

(32b)

(32c)

Then, the Vandermonde-constrained PARAFAC of Ys is
unique, enabling the sensing parameter recovery of up to K
targets with automatic parameter pairing.

The derivation of conditions (32a)-(32c) is given in the
appendix, and an outline of the procedure for calculating
the sensing parameters using PARAFAC in the presence of
repeated sensing parameters is presented in Algorithm 1. It is
worth clarifying that the effectiveness of the proposed parame-
ter estimation remains valid despite the presence of SVD phase
ambiguity, because the estimation of parameters, including
DODs, DOAs, and velocities, relies on the relative phase or
amplitude relationship among the elements of vectors b (ϕk),
damb (fk), and aMB (θk, fk), rather than on any individual
element alone.

Finally, although the uniqueness condition is satisfied under
the considered model, the feasibility of the proposed approach
may still be challenged by the stability of the PARAFAC
decomposition. Specifically, when multiple targets exhibit
closely spaced angular or Doppler parameters, the associated
factor matrices may become highly correlated, leading to ill-
conditioning and degraded numerical stability of PARAFAC.
Techniques such as regularization and informed initialization
[29], [30] have been developed to mitigate this issue. In this
work, sufficient angular and Doppler separation is assumed,
as a detailed investigation is beyond the scope.

Computational Complexity: The most computationally
intensive step of Algorithm 1 is the SVD of Y. Conse-
quently, the overall complexity of Algorithm 1 is on the order
of O (T1T2L1L2Mmin(T1T2, L1L2M)). For the ALS-based
PARAFAC decomposition, the computational complexity of
each iteration is O (T1T2L1L2MK). According to the unique-
ness condition in (32), T1, T2, L1, L2, and M are selected
based on the maximum number of detectable targets K,
satisfying (T1−1)T2 ≥ K and L1L2M ≥ K. As a result, both
T1T2 and L1L2M scale on the order of K, implying that the
complexity of Algorithm 1 is comparable to that of a single
iteration of the ALS-based algorithm. Since Algorithm 1 does
not require multiple ALS iterations to achieve convergence,
it is therefore more computationally efficient than traditional
ALS-based methods. In the practical implementation, the
computational burden can be further reduced by employing
optimized linear algebra libraries and leveraging parallel com-
puting. Therefore, the sensing parameter estimation method
using PARAFAC can be achieved within viable runtime,
making the proposed approach feasible for latency-constrained
ISAC applications.

V. VELOCITY ESTIMATION AT NULL DIRECTIONS

Theoretically, as long as the uniqueness condition for
PARAFAC holds, parameters, DODs, DOAs, and velocities,
can be recovered following the method in Section IV. How-
ever, a target located at a null direction may lead to velocity
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Algorithm 1 fProcedure for calculating sensing parameters
using PARAFAC in the presence of repeated parameters

1: Input: Ys.
Choose pairs (T1, L1) and (T2, L2) subject to T1 +L1 =
Mr + 1 and T2 + L2 = Pv + 1, and then build a new
matrix using (30):

Y =
(
B〈T1〉 ∗D

〈T2〉
amb

)(
B〈L1〉 ∗D

〈L2〉
amb ∗AMB

)T
.

2: Compute SVD Y = UΣVH, and determine K from Σ.
3: Build U1 and U2 as

U1 = U(1 : (T1 − 1)T2, :), U2 = U(T2 + 1 : T1T2, :)
where U(x1 : x2, :) denotes a submatrix of U consisting
of rows from index x1 to x2;
Determine {zB,k}Kk=1 and M using eigenvalue decompo-
sition (EVD):

U†1U2 = MZBM−1,
where (·)† denotes the Moore-Penrose pseudo-inverse;

Build b
〈T1〉
k =

[
1, zB,k, . . . , zT1−1

B,k

]T
, k ∈ [1,K].

4: Compute d
〈T2〉′
amb,k =

(
b
〈T1〉H
k ⊗ IT2

)
Umk, where mk is

the kth column vector of M;
Sort the estimated set {b〈T1〉

k }Kk=1 according to the group-
ing structure in (31), and then the same ordering is applied
to {d〈T2〉′

amb,k}Kk=1 and {mk}Kk=1, resulting in:
D
〈T2〉′
amb = [D

〈T2〉′
amb,1, . . . ,D

〈T2〉′
amb,G], M = [M1, . . . ,MG].

5: For g ∈ [1, G]:

If Pg = 1: zDamb,g =
(
D
〈T2〉
amb,g

)†
D
〈T2〉
amb,g; Ng = mg;

Else:
Build UD,1 = D

〈T2〉′
amb,g and UD,2 = D

〈T2〉′
amb,g, and then

implement EVD:
U†D,1UD,2 = MDamb,g

ZDamb,g
M−1

Damb,g
;

Determine {zDamb,k}
kPg
k=k1

from ZDamb,g;
Ng = MgMDamb,g

.
End if

6: Construct {b〈L1〉
k }Kk=1, {d〈L2〉

amb,k}Kk=1, and
N = [N1, . . . , NG], and then compute {aMB,k}Kk=1

through [27]

aMB,k =

(
b
〈L1〉H
k

b
〈L1〉H
k b

〈L1〉
k

⊗ d
〈L2〉H
amb,k

d
〈L2〉H
amb,kd

〈L2〉
amb,k

⊗ IM

)
V∗Σck,

where ck is the kth row vector of matrix N−1.
7: With the obtained {zB,k}Kk=1, {zDamb,k}Kk=1, and
{aMB,k}Kk=1, the sensing parameters {ϕk}KK=1, {vk}KK=1,
and {θk}KK=1 can be estimated accordingly.

8: Output: {θk, ϕk, vk}Kk=1.

ambiguity, making velocity estimation difficult. A null direc-
tion, denoted as θnull, refers to a direction where one or more
beams exhibit zero gain, i.e., wT

q a(θnull) = 0. Recalling (27),
the estimation of D0 depends on AMB and ÃMB, and the
unambiguous velocity estimation is obtained from the phase
relationship between elements within each column of D0,
i.e., d0(fk). When a target is located at a null direction, the
amplitudes of certain elements in the corresponding column
approach zero. As a result, the corresponding phase informa-
tion extracted through AMB and ÃMB becomes dominated
by noise, severely degrading the velocity estimation accuracy

Fig. 2. Transmit beams and nulls when (a) Mv = 8 and (b) Mv = 16.

and even potentially causing the failure in estimating phase
components of D0. In the worst case where only one element
of ãMB,k is nonzero, only one phase value is available. Since
velocity estimation relies on the phase difference between at
least two elements, velocity deambiguity is disabled, causing
the velocity estimation algorithm in (28) to fail.

Thus, we aim to analyze the impact of null directions on the
sensing parameter estimation here. We will firstly characterize
the effect of null directions for varying Mv. Next, we propose
a velocity estimation method for targets at null directions.

A. Beampattern at Null Directions

Unlike most existing multibeam methods that enhance direc-
tion estimation by transmitting more directive beams, the
proposed scheme exploits inter-beam relationships to achieve
accurate estimation. Given the presence of numerous null
directions in the angular domain, the energy distribution of
different beams at these nulls is worth careful investigation.
Considering that the transmit energy beampattern follows a
cycle of Mv beams—this is exactly the motivation behind the
construction of D0 and the subsequent generation of the 3-D
tensor received signal—without loss of generality, our discus-
sion is restricted to the first Mv beams as a representative
example, and thus beam indices satisfy 1 ≤ q ≤Mv.

Recalling (15), it can be found that each beam possesses a
certain number of null directions, and the null direction θnull,q
for the qth beam satisfies





Mt

(
sin θnull,q −

2(q − 1)

Mv

)
= 2inull,

sin θnull,q −
2(q − 1)

Mv
6= 2jnull.

(33)

Here, inull and jnull are arbitrary integers, and inull refers to the
index of a null direction for the qth beam. Consider two cases:
one with Mt = Mv and another with Mt 6= Mv. For illustra-
tion, we set Mt = 8 for both cases, while Mv = 2Mt = 16
for the second case. The corresponding transmit beam energy
distributions of a pulse cycle are shown in Fig. 2.
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Observing the plot in Fig. 2(a), a total of 9 null directions
span the angular region [−90◦, 90◦] (sin(θ) = [−1, 1]). Each
beam has 7 or 8 null directions depending on its mainlobe
direction, and these nulls are shared across beams. At any
given null direction, which is indicated by a vertical red
dashed line, only one beam exhibits nonzero gain, and the null
direction coincides with the mainlobe direction of this beam,
while all the other 7 beams have zero gain. This phenomenon
can be explained mathematically by (34), which is derived by
substituting Mv with Mt in (33) to adapt to the first case.





sin θnull,q =
2(inull + q − 1)

Mt
∈ [−1, 1],

sin θnull,q 6=
2(q − 1)

Mt
+ 2jnull ∈ [−1, 1].

(34a)

(34b)

For a null direction denoted by θnull,q0 corresponding to the
q0-th beam, let the associated null index inull, defined in (34a),
be inull,0. To satisfy the condition in (34b), it is required that
inull,0 6= nMt for any integer n. For any other beam indexed
by q, such that q−q0 = ∆q, the setting of inull = inull,0−∆q
ensures that the qth beam satisfies the condition at θnull,q0
in (34c). As a result, only these beams with indices satisfying
q = q0+inull,0−nMt, which corresponds to inull = nMt, will
produce a mainlobe at θnull,0 for the qth beam, while all other
beams result in a null. Since 1 ≤ q ≤Mt, there exists only one
feasible q satisfying this condition. To conclude, in traditional
DDMA systems, which generate as many distinct beams as the
transmit elements, only one beam yields nonzero beamforming
gain at a null direction. For a null-direction target, only one
entry of d0(fk) contributes usable phase information, making
it impossible to extract velocity information from d0(fk).
Consequently, DDMA MIMO velocity estimation suffers a
reduction in maximum detectable velocity by a factor of Mt

when a target is located at a null direction due to the fact that
only Damb can be used for velocity estimation.

When Mv = 16 is used, the corresponding beampattern
is shown in Fig. 2(b). Compared to the first case, there are
more distinct beams and nulls across the spatial region, with
more than one beam exhibiting nonzero gain at each null. The
expression in (33) can be reformed as





sin θnull,q =
2(q − 1)

Mv
+

2inull
Mt

∈ [−1, 1],

sin θnull,q 6=
2(q − 1)

Mv
+ 2jnull ∈ [−1, 1].

(35)

In this case, a beam, indexed by q, sharing the null direction
θnull,q0 with a beam specified by q0, must satisfy

inull,0 − inull
q − q0

=
Mt

Mv
,

inull
Mt
6= jnull. (36)

It can be seen from (36) that the number of beams sharing
a null direction is determined by the value of Mt/Mv. For
Mt/Mv = 1/2 in this case, in addition to satisfying the second
subcondition, q − q0 must be even to form a null at θnull,q0 .
Therefore, when Mv > Mt, not only one beam exhibits
nonzero gain, enabling the phase-based velocity estimation
with lower ambiguity. In contrast to traditional DDMA, the
proposed multibeam scheme overcomes the limitation of being
unable to estimate the velocity of null-direction targets, which
is crucial for robust performance in practical applications.

It can be found that multiple beams exhibit zero gain at a
null direction. The impact of this phenomenon on the maxi-
mum detectable velocity, as well as the corresponding velocity
estimation algorithm under such conditions, is discussed
next.

B. Velocity Estimation of Null-Direction Targets
As discussed above, velocity estimation is based on the

phase information, while the accuracy of phase estimation
depends on the element amplitudes of ãMB,k, i.e., the beam-
forming gains of the beams. If the beamforming gain is very
low, the corresponding phase estimation result becomes highly
susceptible to noise and not reliable, and thus the associated
phase estimates should be excluded from the velocity estima-
tion algorithm. Supposing that a target is located at a null
direction, the indices of these reliable beams at this null are
denoted by m1, . . . ,mP , where 1 ≤ m1 < . . . < mP ≤ Mv.
After discarding the unreliable phase estimates obtained from
low-amplitude elements in ãMB,k,2 d0 can be modified as

dnull,0 (fk) =
[
ej2πfk(m1−1)Tr , . . . , ej2πfk(mP−1)Tr

]T
. (37)

Since a constant coefficient is incorporated in the received
signal, velocity is estimated based on the phase differences
between the elements of dnull,0. Let ∆mp = mp+1 − mp.
Then, the phase difference vector can be denoted as

∆φamb = [∆m1, . . . ,∆mP−1]
T
fkTr. (38)

To represent the target velocity in the presence of ambiguity,
the ambiguity numbers {lamb,p}P−1p=1 are introduced, and then
the velocity can be described as

v =
λPRF

2∆mp
lamb,p + vb,p, vb,p ∈

[
−λPRF

4∆mp
,
λPRF

4∆mp

)
.

(39)
To achieve accurate velocity estimation, firstly, the phase dif-
ference associated with the minimum index spacing, ∆mmin,
is employed to determine the ambiguity numbers {lamb,p}P−1p=1 .
It is assumed that the target velocity does not exceed the
maximum unambiguous velocity when ∆mp = 1 in (39).

To combine the velocity information in d0(fk) and
damb(fk), the phase difference associated with ∆mP =
M is included, and it can be obtained by ∆φamb,P =

MfkTr = 1
Pv−1

∑Pv−1
i=1 {〈damb(fk)〉i+1 − 〈damb(fk)〉i},

where 〈·〉i denotes the operation of extracting the phase of
the ith element of a vector, and then dividing it by 2π. If
{lamb,p}Pp=1 is determined, with the obtained {∆φamb,p}Pp=1,
we can have


∆m1

...
∆mP−1
M


Trfk =




∆φamb,1 + lamb,1

...
∆φamb,P−1 + lamb,P−1

∆φamb,P + lamb,P


 . (40)

Using the least square fitting, fk can be estimated by

f̂k =
1

Tr

∆mT∆φ

∆mT∆m
, (41)

2In the worst case, such as under low SNR conditions, only one beam
exceeds the reliable detection threshold; in this case, the proposed sensing
parameter estimation method fails because at least two reliable beams are
required. This represents a boundary condition of the proposed approach.
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Fig. 3. Beampatterns of different multibeam methods: (a) DDMA (Mv = 8) and (b) the proposed (Mv = 16).

where ∆m and ∆φ represent the vectors appearing on the
left and right sides of the (40), respectively.

From the discussion above, the key challenge of veloc-
ity deambiguity lies in determining the ambiguity numbers
{lamb,p}Pp=1. If ∆mmin = 1, i.e., there exists a pair of beams
with spacing 1 that allows resolving the ambiguity, the velocity
can initially be estimated using the associated φamb,p, although
the estimation may lack accuracy since it relies on only a
single phase difference value. With the estimated velocity,
{lamb,p}Pp=1 can then be specified for high-accuracy velocity
estimation.

When ∆mmin > 1, its corresponding ambiguity number
needs to be determined first. For simplicity of notations, we
assume ∆m1 = ∆mmin. The corresponding lamb,1 can be
determined by

l̂amb,1 = min
0≤|l|≤d∆m1−1

2 e

P∑

p=2

∣∣∣[[Trf̂k∆mp −∆φamb,p]]
∣∣∣, (42)

where f̂k = (∆φamb,1 + l)/∆m1/Tr. Since ∆m1 is the
smallest among {∆mp}Pp=1, the number of candidates for
lamb,1 is small, and thus, only a few loops are required to
identify its actual value.

Unfortunately, however, even if the condition in (42) is
satisfied, the resulting estimate of fk is not necessarily correct.
Denoting the hypothesized value of lamb,1 as lamb,1 +∆l, and
∆l 6= 0, if the following condition is satisfied:

∆mp∆l

∆m1
= n, p = 1, . . . , P, (43)

the estimate lamb,1+∆l will be mistaken as the value of lamb,1.
Here, ∆mP = M , and n is an arbitrary integer.

Recalling (36), it can be observed that the differences
between the indices of nonzero-gain beams for a given null
direction are determined by the ratio, Mt/Mv, and it can be
simplified to M1/M2 such that M1 and M2 are coprime. It can
be analyzed by addressing the following two different cases:
the first is M2 ≥ 3, and the second is M2 = 2. For the first
case, it can be found that the indices for zero-gain beams must
satisfy ∆q = q−q0 = nM2, where n is an integer. As a result,
there will be M2 − 1 consecutive beams exhibiting nonzero

gain at a null direction, ensuring ∆mmin = 1. To investigate
the second case, rewrite (35) with Mv = 2Mt as





sin θnull,q =
2inull + (q − 1)

Mt
∈ [−1, 1],

sin θnull,q 6=
q − 1

Mt
+ 2jnull ∈ [−1, 1].

(44)

For a null direction given by sin θnull,q0 =
2inull,0+(q0−1)

Mt
,

where inull,0 6= 0, let q = 2inull,0 + q0 and set inull = 0.
It can be seen that the beam q forms a mainlobe at θnull,q0 ,
and adjacent beams q − 1 and q + 1 also exhibit nonzero
gain there. Similar to the first case, consecutive beams with
nonzero gain exist in the second case as well. In conclusion,
as long as Mv > Mt, ∆mmin = 1 holds. This still holds
when beam selection is implemented to flexibly adapt to a
desired spatial region, as the region of interest is typically a
continuous angular sector.

VI. SIMULATION RESULTS

This section presents simulation results to validate the
effectiveness of the proposed method in wide-coverage,
high-accuracy sensing parameter estimation, and flexible per-
formance tradeoff between S&C functionalities. The transmit
and receive antenna arrays are configured as ULAs, each
consisting of Mt = Mr = 8 elements with an inter-element
spacing of d = λ/2. The UE is assumed to be equipped with
a single receive antenna at θc = 0◦. The carrier frequency is
fc = 28 GHz. In this simulation, 3GPP TS 38.211 for 5G
NR is adopted, with the frame structure defined as follows.
Each frame consists of Q = 160 slots with numerology
µ = 4, and thus the duration of each slot is Tr = 62.5 µs.
This configuration yields a maximum unambiguous velocity
of vmax = 42.86 m/s (154 km/h) and velocity resolution is
vres = 0.54 m/s, which is well suited for automotive ISAC
scenarios. Unless otherwise specified, all parameter settings
are kept constant throughout the experiments.

A. Beampattern of the Proposed Scheme

We compare the transmit energy beampatterns when dif-
ferent numbers of beams are generated for sensing. First,
we simulate two cases as illustrative examples: Mv = 8
representing the traditional DDMA approach, and Mv = 16
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Fig. 4. Overall transmit energy beampatterns for varying Mv: a larger Mv

focuses transmit energy within a smaller angular region with higher gain.

corresponding to the proposed multibeam method. For both
cases, M = 8 beams are selected within each pulse cycle.
The resulting beampatterns are shown in Fig. 3, the left one
for Mv = 8, and the right for Mv = 16. Observing Fig. 3(a), 8
beams with distinct mainlobes spread across the whole spatial
region, resulting in an omnidirectional overall beampattern
over one beam cycle. In contrast, Fig. 3(b) illustrates that
there are 16 different beams across the entire region, and
they are more densely spaced. This denser beam distribu-
tion enables improved energy focusing in a specific spatial
region. Let the desired region Θ be specified as [−30◦, 30◦].
In this case, only the beams whose mainlobes are directed
towards Θ are selected for actual signal transmission. As
illustrated in Fig. 3(b), the indices of these beams (plotted with
solid lines) are 1, 2, 3, 4, 13, 14, 15, 16, and the corresponding
overall beampattern of 8 beams, labeled as “Overall”, is
also presented. It can be seen that, with a larger Mv and
proper beam selection, the proposed multibeam design not
only allows flexible adjustment of the sensing coverage, but
also achieves higher beamforming gain using the same number
of pulses.

Next, to assess the impact of Mv on the beamforming
performance, various values of Mv are considered, and the
corresponding overall beampatterns are illustrated in Fig. 4,
where Mv = 8, 12, 16, 20, 24, 28, 32 and M = 8. Here the
selected 8 beams are centered around 0◦ for all cases. It can
be observed that with a higher Mv and a fixed number of the
selected pulses M , the transmit energy is concentrated within a
smaller angular region, resulting in the increased beamforming
gain within this region. This gain enhancement arises from the
improved spatial energy concentration, indicating a tradeoff
between beamforming gain and coverage area. Therefore, by
tuning Mv, one can flexibly control the size of the sensing
coverage area when keeping M constant. Conversely, for a
fixed Mv, increasing M expands the coverage area.

To demonstrate the joint impact of Mv and M on the
sensing performance, CRB results are presented in Fig. 5 as
a performance metric under various combinations of Mv and
M . The target angles are fixed at θ = {−10◦, 10◦} for all
configurations, the signal-to-noise ratio (SNR) is set to 0dB,
and CRB results are calculated based on the received signal
within a CPI. Note that Q= 192 is chosen in this experiment
to ensure that Pv is an integer for all considered values of M .
As shown in Fig. 5, before a certain threshold value of Mv

Fig. 5. CRBs for different M and Mv. Before a certain threshold of Mv, a
larger Mv and a smaller M result in a lower RMSE; beyond this threshold,
this trend no longer holds, as the sensing target falls outside the coverage.

(indicated by the dashed blue vertical line), the CRBs decrease
with increasing Mv for a fixed total number of beams M ,
indicating that a denser beam distribution enhances sensing
accuracy. However, beyond this threshold value, the CRBs
begin to increase with a larger Mv, as illustrated when Mv >
19 for M = 6. This degradation occurs because excessively
large Mv values reduce the angular spacing between beams
when the number of selected beams is fixed, causing the
mainlobes of the multibeams to concentrate within a narrower
spatial region, which fails to encompass the sensing target.

As a result, the transmit energy is poorly concentrated at the
target locations, leading to degraded estimation performance.
To maintain sufficient coverage over a given angular range,
more beams should be selected. On the other hand, as shown
in Fig. 5, increasing M degrades sensing performance. This is
because a fixed amount of transmit energy is directed over a
broader region, lowering the average gain across this region.
However, when Mv > 20, as indicated by the dashed pink
vertical line, M = 8 outperforms M = 6. This is because
the mainlobes of the beams for M = 6 fail to cover the
sensing target, whereas M = 8, with its broader coverage
area, includes it. These results highlight the tradeoff between
coverage area and beamforming gain.

B. Parameter Estimation at Null Directions

As discussed in Section V, Mv impacts the maximum
detectable unambiguous velocity. To illustrate this, we con-
sider two cases: (1) Mv = 2Mt = 16, and (2) Mv = 12,
Mt = 8. The corresponding values of M2, as defined in
Subsection V-B, are then M2 = 2 and M2 = 3, respectively.

For the first case, the indices of the selected beams are
1, 2, 3, 4, 13, 14, 15, 16, consistent with the beampattern shown
in Fig. 3(b). The patterns of these 8 beams are depicted in
Fig. 6(a). Consider a beam and one of its null directions,
marked by black and red dashed lines, respectively. The beam
marked in black corresponds to beam index q = 1, and the
red dashed line indicates the null direction corresponding to
inull = 1 in (35). From the figure, we observe that beams
2, 3, 4, 14, 16 exhibit nonzero gain, while beams 1, 13, 15 have
zero gain. Note that the unselected pulses are not considered
here. As a result, despite 8 beams are selected in total, only 5
beams can contribute to velocity estimation. For these beams
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Fig. 6. Beampattern characteristics at null directions for (a) Mv = 16, M2 = 2 and (b) Mv = 12, M2 = 3.

with nonzero beamforming gain, the phase difference vector
in (38) can be constructed with ∆m1 = 1, ∆m2 = 1,
∆m3 = 10, and ∆m4 = 2. Moreover, with ∆m1 = 1, the
unambiguous velocity can then be estimated.

Next, we consider the case where Mv = 12, resulting in
M2 = 3, which corresponds to the first case discussed in
Subsection V-B. Beams 1, 2, 3, 4, 9, 10, 11, 12 are selected, and
the beampattern is shown in Fig. 6(b). It can be observed
that the beams corresponding to beams 2, 3, 9, 11, 12 exhibit
nonzero gain, whereas beams 1, 4, 10 show zero gain. This
aligns with the discussion in Subsection V-B: when M2 = 3,
the beam indices follow ∆q = 3n, two beams adjacent to a
given beam (beams 2, 3 and 11, 12 in this case) exhibit nonzero
gain. Although 5 beams achieve nonzero gain at this null, some
of them are too weak to be used, particularly those beams
associated with ∆m = 1, which are crucial for determining
the velocity ambiguity numbers. Therefore, a threshold is
typically applied to identify which beams are qualified for
velocity estimation. For instance, with a threshold of 0dB, as
indicated by the blue horizontal dashed line in Fig. 6(b), beam
9 is excluded from the consequent velocity estimation, leaving
∆m1 = 1, ∆m2 = 8, and ∆m4 = 1 to resolve velocity
ambiguity. When multiple candidates satisfy ∆m = 1, the
one associated with the highest combined beamforming gain
is selected for determining the ambiguity numbers. Therefore,
beams 2 and 3, which are associated with ∆m1, are selected
here.

To validate the proposed velocity estimation algorithm
at null directions, two experiments are conducted to assess
its performance under ideal propagation conditions with
only LoS paths and nonideal propagation conditions com-
prising both LoS and NLoS paths, respectively. First,
in the ideal LoS scenario, an experiment considers the
first case discussed in this subsection with 4 targets at
sin(θ) = {−1/2,−1/4, 0, 1/4}, all at nulls, with velocities
{−3.85,−1.28, 1.28, 3.85}λPRF/16. DOAs are set the same
as the DODs, and the subsequent experiments in Section VI
follow this practice. The root mean square error (RMSE) is
used to quantify estimation error. Throughout this section,
RMSE is computed based on N = 300 Monte Carlo trials. The
parameter estimation performance in terms of RMSE versus
SNR is presented in Fig. 7, showing that the proposed method

Fig. 7. RMSE results for null-direction targets in the ideal LoS condition.

Fig. 8. RMSE results for null-direction targets under the condition with both
LoS and NLoS propagations.

successfully estimates the DODs, DOAs, and velocities for
targets located at null directions, and effectively resolves
velocity ambiguity.

Another experiment is conducted under the nonideal LoS
propagation condition to further assess the robustness of
the proposed parameter estimation algorithm. In this setup,
two targets are positioned at null directions, at sin(θ) =
{−1/2, 1/8}, with velocities {−1.85, 1.85}λPRF/16. For
each target, in addition to the LoS path between the transmitter
and receiver, two locally scattered NLoS components are
present, where the biases of DODs, DOAs, and velocities are
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Fig. 9. Parameter estimation results for (a) angle and (b) velocity.

drawn from a uniform distribution in the intervals [−5, 5]◦,
[−5, 5]◦, and [−3, 3]m/s, respectively (the range dimension is
not considered in this work). The SNR is set to SNR = 10 dB,
and all other system parameters are kept identical to those
used in the first experiment of this subsection. Under these
conditions, the overall propagation channel can be expressed
as

h(t) =

K∑

k=1

(
hLoSk (t) +

2∑

l=1

hNLoS
k,l (t)

)
, (45)

where hLoSk (t) denotes the propagation channel of the LoS
component for the kth target, while hNLoS

k,l (t) is the propaga-
tion channel of the lth NLoS component from the kth target.
The ratio between the LoS power and the total NLoS power
is characterized by the Rician K-factor, given by

KRician =
PLoS

PNLoS
=

|A0|2∑2
l=1 |Al|2

, (46)

where A0 is the complex amplitude of the LoS component,
and Al denotes the complex amplitude of the lth NLoS path,
l = 1, 2. The parameter estimation results, presented in Fig. 8,
show that the proposed estimation algorithm still performs
well even under non-ideal NLoS conditions, demonstrating its
effectiveness and robustness.

C. Uniqueness of PARAFAC

We evaluate the performance of the proposed algorithm
under varying numbers of targets to validate the proposed
uniqueness condition for PARAFAC here. Mv = 2Mt = 16
and M = 8 are set, yielding Pv = 20. T1 = 4 and T2 = 8
is chosen, resulting in L1 = 5 and L2 = 13. First, the
uniqueness condition is validated in the absence of parameter
multiplicity. According to the uniqueness condition in (32),
the maximum number of identifiable targets is K = 24.
Experiments are conducted with K = 12, 18, 24, and the
corresponding estimation results are shown in Fig. 9. A total
of 12 DOD and velocity parameters are generated in ascending
order with uniform spacing. The first K = 12, 18, 24 elements
from these parameter sets are used as the DOD (DOA) and
velocity values for the three experiments, respectively.

As observed in Fig. 9, where the angle performance is
evaluated by averaging the RMSEs of DOD and DOA esti-
mates, the estimation results for K = 12 and K = 18 clearly
outperform those for K = 24, since a larger number of targets
introduces additional unknown parameters, thereby degrading
the estimation accuracy. On the other hand, it is noteworthy
that K = 12 and K = 18 achieved very similar performance
despite the different number of targets. This can be attributed
to the non-uniform beamforming gains across targets. Despite
the impact of K, particularly in the case of K = 24, which
is the theoretical maximum number of identifiable targets, the
estimation algorithm still achieves satisfactory accuracy under
a sufficient SNR. These results support the validity of the
proposed PARAFAC uniqueness condition.

Next, to validate the feasibility of the proposed PARAFAC
method in the presence of parameter multiplicity, another
experiment with 24 targets is conducted. The DODs (DOAs)
are {θk}24k=1 = {−26⊗1T

6 ,−13⊗1T
6 , 4⊗1T

6 , 20⊗1T
6 }, and all

24 elements of the generated velocity parameter set correspond
to velocity. The corresponding parameter estimation results are
also shown in Fig. 9, labeled as “mult.”. It can be observed that
the parameter estimation performs well despite the multiplic-
ity, demonstrating the effectiveness of the proposed method.
Note that the improved performance compared to the other
cases can be explained by the sparser DOD (DOA) parameter
configuration.

D. Sensing-Communication Performance Tradeoff

To evaluate the performance tradeoff between S&C, the
CRB and SE results under varying time allocation proportions
ρ and different Mv are presented in Fig. 10. Two sensing
targets are placed at directions {θk}2k=1 = {ϕk}2k=1 =
{−10◦, 10◦} with identical ranges. Moreover, M = 8 beams
centered around 0◦ are selected per cycle. The communication
beamformer is wc = a∗(θc). As shown in Fig. 10, the
CRB increases as the SE increases, indicating that improved
communication performance comes at the cost of reduced
sensing accuracy. This tradeoff is governed by the value of
ρ, which controls the time allocation between S&C. In terms
of beamforming, we can find that a larger Mv contributes to
improved sensing performance for a given SE, as evidenced by
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Fig. 10. Tradeoff between CRB and SE. Lower CRB values are achieved at
the cost of reduced SE, while a larger Mv contributes to lower CRBs.

a lower CRB value. Therefore, the performance tradeoff for the
proposed TD-ISAC system can be managed by adjusting the
time allocation proportion, while a suitable Mv in the proposed
multibeam scheme can further improve sensing performance.

VII. CONCLUSION AND FUTURE WORK

A. Conclusion
This paper introduces a TD scheme for MIMO ISAC to flex-

ibly balance S&C demands, and proposes a novel multibeam
method for high-accuracy sensing over a wide area. Building
on the proposed TD MIMO ISAC framework, a multi-
beam design employing simple phase modulation has been
developed, enabling flexible sensing coverage and improved
parameter estimation. A PARAFAC-based algorithm has then
been developed for estimating sensing parameters, along with
a newly derived uniqueness condition for PARAFAC involving
two Vandermonde factor matrices. Moreover, the issue of
velocity ambiguity for targets located at null directions, which
is a critical limitation for conventional DDMA-based methods,
has been addressed. Simulation results have demonstrated the
effectiveness of the proposed approach.

B. Future Work
While the proposed multibeam TD ISAC framework demon-

strates promising performance, several directions remain for
future work. First, the multi-UE TD ISAC case is worth
further study, particularly regarding user scheduling and beam
allocation strategies. Second, the TD scheme leads to reduced
SE due to orthogonal time allocation. Although S&C beam-
formers are designed to optimize their respective performance,
the beams intended for sensing can potentially be leveraged
to carry communication information, thereby mitigating the
SE loss caused by the TD scheme. Finally, to enhance the
practical applicability, the proposed method’s adaptability to
dynamic channel conditions and its robustness against radar
cross section uncertainty, imperfect CSI, and other imperfect
knowledge are all relevant topics of future research.

APPENDIX
DERIVATION OF (32)

Let the SVD of Y be Y = UΣVH, where U ∈ CT1T2×K ,
Σ ∈ CK×K , and V ∈ CL1L2M×K . Under condition (32a),

which ensures that B〈T1〉 ∗D
〈T2〉
amb has full column rank, there

exists a nonsingular matrix M ∈ CK×K such that UM =

B〈T1〉 ∗D〈T2〉
amb . By exploiting the Vandermonde structure of B,

we have (
B〈T1〉 ∗D

〈T2〉
amb

)
ZB = B〈T1〉 ∗D

〈T2〉
amb (47)

where ZB is a diagonal matrix whose diagonal entries are the
generators of B, zB,1, . . . , zB,K . Then we have

U1MZB =
(
B〈T1〉 ∗D

〈T2〉
amb

)
ZB = B〈T1〉 ∗D

〈T2〉
amb = U2M

U1 = U(1 : (T1 − 1)T2, :),

U2 = U(T2 + 1 : T1T2, :). (48)

Since B〈T1〉∗D〈T2〉
amb has full column rank, U1 and U2 have full

column rank as well. Thus, ZB can be obtained through EVD:
U†1U2 = MZBM−1. {zB,k}Kk=1 can then be determined by
extracting the diagonal elements of ZB.

Next, we rearrange the estimated matrices B following the
grouping structure specified in (31), and then apply the same
ordering to M, which is given by M = [M1, . . . ,MG].

When Pg = 1, mg is used instead. If an eigenvalue, zB,g , is
isolated, its eigenvector is uniquely determined up to a scaling
factor, and thus, d

〈T2〉
amb,g can be derived directly by

d
〈T2〉
amb,g =

(
b〈T1〉H
g ⊗ IT2

)
Umg, (49)

where b〈T1〉
g is built using the estimated zB,g .

When an eigenvalue is repeated with multiplicity Pg > 1,
its corresponding eigenvectors span the eigenspace. Although
these eigenvectors are mutually orthogonal, they are not unique
since any basis spanning the same eigenspace is valid. Con-
sequently, {d〈T2〉

amb,k}
kPg
k=k1

cannot be determined using (49).
However, by exploiting the Vandermonde structure of Damb,
{zDamb,k

}kPgk=k1
can still be derived from Mg as follows.

Given a repeated eigenvalue zB,g with multiplicity Pg , and
its corresponding eigenvectors {mk}

kPg
k=k1

, which are given by
the column vectors of Mg , we apply the same approach as in
(49) to perform computation, but denote the computed result
as {d〈T2〉′

amb,k}
kPg
k=k1

to distinguish them from {d〈T2〉
amb,k}

kPg
k=k1

due
to the non-uniqueness of the eigenvectors. Then we can have

D
〈T2〉′
amb,g = [d

〈T2〉′
amb,k1

,d
〈T2〉′
amb,k2

, . . . ,d
〈T2〉′
amb,kPg

] ∈ CT2×Pg ,
(50)

and it satisfies(
1T
Pg ⊗ b〈T1〉

g

)
∗D

〈T2〉′
amb,g = UMg. (51)

Build UD,1 = D
〈T2〉′
amb,g and UD,2 = D

〈T2〉′
amb,g. Then

{zDamb,k}
kPg
k=k1

can be determined from ZDamb,g
using EVD:

U†D,1UD,2 = MDamb,g
ZDamb,g

M−1
Damb,g

. (52)

Note that this EVD-based solution holds when both UD,1 and
UD,2 are full column rank, which explains why the condition
in (32c) is necessary to ensure the uniqueness of PARAFAC.

From (32a), it follows that {zDamb,k
}kPgk=k1

are distinct for
g = 1, . . . , G. Using the EVD in (52), we can then derive

D
〈T2〉
amb,g = D

〈T2〉
amb,g′MDamb,g

. (53)
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Based on (51) and (53), one can have
(
1T
Pg ⊗ b〈T1〉

g

)
∗
(
D
〈T2〉
amb,gM

−1
Damb,g

)
= UMg, (54)

which leads to the equivalent formulation:
(
1T
Pg ⊗ b〈T1〉

g

)
∗D

〈T2〉
amb,g = UMgMDamb,g

. (55)

Introduce a new matrix Ng = MgMDamb,g
, g = 1, . . . , G.

Note that for an isolated eigenvalue zB,g , we have Ng = mg .
Then (55) can be compactly written as

B〈T1〉 ∗D
〈T2〉
amb = UN (56)

where N = [N1, . . . ,NG].
Based on the above, the SVD of Y can be rewritten as

Y = (UN)
(
VΣ∗N−H

)H

=
(
B〈T1〉 ∗D

〈T2〉
amb

)(
V∗ΣN−T

)T
. (57)

With {zB,k}Kk=1, {zDamb,k}Kk=1, and N, the third factor matrix
AMB can then be determined by

aMB,k =

(
b
〈L1〉H
k

b
〈L1〉H
k b

〈L1〉
k

⊗
d
〈L2〉H
amb,k

d
〈L2〉H
amb,kd

〈L2〉
amb,k

⊗ IM

)
V∗Σck

(58)
where ck is the kth row vector of matrix N−1.
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Abstract—Optimization-based power control algorithms are
predominantly iterative with high computational complexity,
making them impractical for real-time applications in cell-free
massive multiple-input multiple-output (CFmMIMO) systems.
Learning-based methods have emerged as a promising alter-
native, and among them, graph neural networks (GNNs) have
demonstrated their excellent performance in solving power
control problems. However, all existing GNN-based approaches
assume ideal orthogonality among pilot sequences for user equip-
ments (UEs), which is unrealistic given that the number of UEs
exceeds the available orthogonal pilot sequences in CFmMIMO
schemes. Additionally, supervised training necessitates costly
computational resources for computing the target power control
solutions for a large volume of training samples. To address
these issues, we propose a graph attention network for downlink
power control in CFmMIMO systems that operates in a self-
supervised manner while effectively handling pilot contamination
and adapting to a dynamic number of UEs. Experimental
results show its effectiveness, even in comparison to the optimal
accelerated projected gradient method as a baseline.

Index Terms—Graph attention network, power control, pilot
contamination, cell-free massive MIMO.

I. INTRODUCTION

CELLULAR massive multiple-input multiple-output
(MIMO), usually enabled by multi-antenna panel arrays,

is the backbone of today’s 5G communication technology.
However, a persistent problem with cellular massive MIMO
deployments is the poor service quality experienced by
the cell-edge user equipments (UEs). Cell-free massive
MIMO (CFmMIMO) has been proposed as a promising
architecture for next-generation wireless communications.
CFmMIMO eliminates the cellular boundaries and instead
deploys massive distributed access points (APs) across a
large coverage area [1]. These APs cooperatively serve UEs
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within the coverage area without the constraints of cell
boundaries, ensuring fairness in service quality across UEs at
different locations and reducing interference through efficient
beamforming enabled by the coordination of a massive number
of distributed antennas. As a result, CFmMIMO can achieve a
higher network spectral efficiency (SE) compared to traditional
cellular schemes [2], [3].

To fully realize the benefits of CFmMIMO, several chal-
lenges must be addressed. In particular, power control1 and
pilot allocation are critical. With an increasing number of
UEs, especially in CFmMIMO systems, the limited number
of orthogonal pilot sequences becomes insufficient, leading to
pilot contamination. Pilot contamination significantly degrades
the communication quality, and thus, its impact cannot be over-
looked when addressing power control problems. Traditional
power control algorithms are predominantly optimization-
based, with computational complexity increasing sharply as
the numbers of APs and UEs grow. For CFmMIMO systems
with a large number of APs and UEs, existing algorithms lead
to high computational costs and processing time, which runs
counter to the demands for high efficiency and low latency.

To address this challenge, learning-based algorithms have
been proposed to compute power allocation coefficients with
significantly improved efficiency. Various neural network
models, including convolutional neural networks [4], [5],
transformer neural networks [6], [7], and graph neural
networks (GNNs) [8], [9], [10], [11], [12] have been explored.
GNNs have demonstrated excellent performance in solving
power control problems thanks to their structural similarity
to wireless communication networks [8], [9]. As mentioned
earlier, pilot contamination cannot be ignored when address-
ing power control. However, to the best of our knowledge,
all existing GNN-based methods assume the use of ideally
orthogonal pilot sequences, which is a big stretch, especially
in CFmMIMO systems. To bridge this gap, we propose a
pilot contamination-aware graph attention network to handle
power control in CFmMIMO systems. The proposed network
model employs an attention mechanism [6], [7] enhanced
GNN to effectively capture information from neighboring
nodes. The design explicitly accounts for pilot contamination
by incorporating the cross-correlation of pilot sequences as
an input and categorizes graph edges into two types based
on the connected nodes to distinguish interactions between
APs and UEs. Moreover, it can adapt to dynamic scenarios
with a varying number of UEs using a padding mecha-
nism. In addition, the network is trained in a self-supervised

1We focus on downlink power control in a centralized fashion in this letter.
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manner, reducing the workload of computing power control
coefficients. Experimental results are presented to compare the
proposed method against the first-order accelerated projected
gradient (APG) method described in [13] and the transformer
in [7].

II. SYSTEM MODEL

A. Cell-Free Massive MIMO

Consider downlink power control in a CFmMIMO system
where M synchronized APs, each with N antennas, jointly
serve K single-antenna UEs using common time–frequency
resources.2 Operating in time-division duplex mode with
block-fading channels constant over Tc symbols, the uplink
channel from the kth UE to the mth AP is given by

gm,k =
√
βm,khm,k , (1)

where βm,k denotes the large-scale fading coefficient, and
hm,k ∈ CN denotes the small-scale coefficient vector for
an N-antenna array. The entries of hm,k are independent
and identically distributed (i.i.d.) complex Gaussian random
variables with zero mean and unit variance, i.e., CN (0, 1).

Pilot sequences consisting of Tp (Tp � Tc) symbols
are used for channel estimation during the uplink training
stage. Channel reciprocity is assumed, enabling downlink
channel estimation using uplink pilot sequences. Let the pilot
sequence for the kth UE be

√
Tpϕk ∈ CTp with ‖ϕk‖2 = 1,

where ‖ · ‖ represents the Euclidean norm of a vector. In
CFmMIMO systems, where a large number of UEs are served
simultaneously, the condition Tp < K often arises due
to the limited length of pilot sequences, resulting in pilot
contamination.

In the uplink training phase, the received signal at the mth
AP can be expressed as

Yup
m =

√
ζpTp

K∑

i=1

gm,iϕ
H
i + Wup

m , (2)

where ζp denotes the normalized transmit signal-to-noise ratio
per pilot symbol, (·)H represents the conjugate transpose
operation, and Wup

m ∈ CN×Tp is the noise matrix whose
entries follow i.i.d. CN (0, 1). The minimum mean square error
(MMSE) estimate of the channel between the mth AP and the
kth UE can be derived as [13]

ĝm,k =

√
ζpTpβm,k

1 + ζpTp
∑K

i=1 βm,i

∣∣ϕH
i ϕk

∣∣2Yup
m ϕk , (3)

where | · | denotes the absolute value. The mean square of each
entry of ĝm,k is

gm,k = E
[∣∣∣ĝm,k [n]

∣∣∣
2
]

=
ζpTpβ2m,k

1 + ζpTp
∑K

i=1 βm,i

∣∣∣ϕH
i ϕk

∣∣∣
2
. (4)

APs cooperate to deal with power control using large-
scale fading information, which is assumed to be available
through the central processing unit.2 Denote the power control
coefficient matrix as M ∈ RM×K , and the (m, k)-th matrix
element, μm,k , is the power control coefficient for the signal
transmitted from the mth AP to the kth UE. According to the

2See [14] for justification.

practical constraint on the total transmit power per AP, the
feasible set of power control coefficients can be expressed as

S =

{
M | μm,k ≥ 0; ‖μm‖2 ≤ 1

N
, ∀m, k

}
, (5)

where μm is the mth row of M. Denoting the data symbol
transmitted to the kth UE as sk with E[|sk |2] = 1, and ζd as
the maximum downlink transmit power per symbol normalized
to noise power at each AP, the downlink signal from the mth
AP using conjugate beamforming can be expressed as

xm =
√
ζd

K∑

k=1

μm,k√
gm,k

ĝ∗
m,k sk , (6)

where (·)∗ denotes conjugate operation. Using the
use-and-then-forget bounding technique, the signal-to-
interference-plus-noise ratio for the kth UE can be derived
as [13]

γk =
ζd
(
μT
k νk ,k

)2
∑K

i=1
i �=k

ζd
(
μT
i νi ,k

)2
+ ζd

N

∑K
i=1

∥∥Bkμi

∥∥2 + 1
N 2

, (7)

where μk denotes the kth column of M, (·)T is the transpose
operator, Bk is a diagonal matrix with diagonal elements√
β1,k , . . . ,

√
βM ,k , and the mth element of νi ,k ∈ RM is

νi ,k [m] =
∣∣∣ϕH

i ϕk

∣∣∣
√

gm,i

βm,k

βm,i
. (8)

The downlink network SE of the kth UE is then

SEk =

(
1 − Tp

Tc

)
log2(1 + γk ). (9)

B. Optimization Problem Formulation

Define B ∈ RM×K
+ as the large-scale fading coefficient

matrix with βm,k as the (m, k)-th element, and let Φ ∈ RK×K

denote the pilot allocation matrix, where the (i, j)-th element is
given by |ϕH

i ϕj |. Here RM×K
+ represents the set of matrices

of dimension M × K with non-negative real entries. From (7)
and (9), SE depends on both the power control coefficients M
and pilot allocation matrix Φ, given a large-scale fading matrix
B. When Tp ≥ K , pilot sequences are orthogonal across
all UEs, making their impact on SE negligible. However, in
massive MIMO scenarios, Tp < K often occurs. Therefore,
incorporating the information of pilot assignment is essential
for optimizing power control under pilot contamination.

Max-min fairness maximization is the objective given by

maximize
M

{
min

1≤k≤K
SEk (M; Φ,B)

}
. (10)

By adopting a smoothing technique with smoothing parameter
λ, the objective function in (10) can be reformulated as [13]

u(M; Φ, B) = − 1

λ
log

⎛
⎝ 1

K

K∑

k=1

exp(−λ SEk (M; Φ, B))

⎞
⎠. (11)

Define a deep neural network as a map, M = f (Φ,B; Θ).
Here f maps Φ and B to the power control matrix M, and Θ
represents the trainable weights of the network. Our goal is
to determine the optimal weights Θopt using a self-supervised
learning method, in which the neural network is trained on
unlabeled data, thus eliminating the computational burden of
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Fig. 1. Illustration of graph characteristics.

generating target power control solutions, for example, via
conventional optimization algorithms. In this framework, the
network learns the mapping between its input and power con-
trol coefficients M with the aim of maximizing the objective
function in (11).

III. GRAPH ATTENTION NETWORK FOR POWER CONTROL

A. Graph Representation

Consider a heterogeneous graph G = (V, E) composed of a
set of nodes V and edges E . Each node v represents an AP-UE
pair and is mapped by ψ(m, k) = v , where ψ is the mapping
function from an AP-UE pair to its corresponding node, and
v = M (k−1)+m . The bidirectional edge between the ith and
jth nodes is denoted as ei ,j for i �= j. Edges are categorized
based on whether the connected nodes share the same AP or
UE, or neither:

• AP-type edges (eAP
i ,j ): Nodes share the same AP.

• UE-type edges (eUE
i ,j ): Nodes share the same UE.

• No connection: If two nodes share neither an AP nor a
UE, no edge exists between them.

To incorporate pilot contamination awareness, the pilot
allocation matrix Φ is included as an attribute for AP-
type edges, capturing the orthogonality of allocated pilot
sequences among UEs that share the same APs. Specifically,
the (k1, k2)-th element of Φ, denoted by ϕk1,k2 , is assigned
to those AP-type edges connecting nodes corresponding to
the k1-th and k2-th UEs. To align with the GNN framework,
ϕi ,j = ϕk1,k2 is introduced to represent the contamination
information between nodes i and j, which correspond to k1-th
and k2-th UEs, respectively. Suppose there are T attention
layers in the graph structural network, and the input and output
features of the ith node at the tth graph attention layer are
represented by xi (t − 1) and xi (t), respectively, where t =
1, . . . ,T . The characteristics of the proposed graph structure,
including the node representation xi (t), the AP-type edges
with ϕi ,j , and the UE-type edges, are illustrated in Fig. 1.
This structure enables the network to effectively model the
relationship between APs and UEs while accounting for pilot
contamination.

B. The Proposed Network Model

1) Preprocessing Stage: Given that the values of large-scale
fading coefficients span different orders of magnitude, the
natural logarithm operation is applied to each element of B,
resulting in Blog. Following this, Blog is transformed to have

zero mean and unit variance across all elements, resulting in
Bstd. Next, scaling and shifting are performed on Bstd along
each column, which can be expressed as

Bpre =
(
α1TK

)
∗ Bstd + β1TK , (12)

where α and β represent the trainable parameters for scaling
and shifting, respectively, 1K is an all-ones vector of length
K, and ∗ denotes the Hadamard product of matrices. Finally,
Bpre is vectorized into b ∈ RMK×1. The ith element of b is
taken as the initial representation of the ith node, also denoted
as xi (0) in the context of the attention mechanism block.

2) Attention Mechanism Block: The attention mechanism
allows the model to focus on specific parts of the input
data by assigning varying importance to different components.
To capture the interrelationship among nodes, a single-head
attention mechanism is introduced. The attention mechanism
block comprises T = 4 hidden layers, with xi (0) as the input to
the first attention layer, the output sizes of 4 layers are 32, 64,
64, 64, respectively. A detailed explanation of the attention
mechanism block is provided in Section III-C.

3) Postprocessing Stage: Given the attention mechanism
block’s output X(4) ∈ RMK×64, whose ith row corresponds
to xi (4), a combination of linear and nonlinear processing is
first applied. The resulting output can be described as

Y1 = L2(ReLU(L1(X(4)))), (13)

where L1 and L2 represent two distinct linear transformations,
each with input size of 64 and output size of 64, and ReLU(·)
denotes the rectified linear unit activation function.

Next, the node representation vectors undergo another lin-
ear transformation to map them into values. Following this,
additional processing steps–similar to those in [7]–are applied,
including the operations described in (14) and (15), giving

y2 = exp(−SoftPlus(L3(Y1) + 6), (14)

where SoftPlus(·) denotes the Softplus activation function,
and L3 is a linear function that maps a vector to a scalar
value. To ensure that the results satisfy the constraints in (5),
projection operation ProjS(·) in [13] are applied, yielding the
power control coefficients as

M̂ = ProjS(Y2), (15)

where Y2 ∈ RM×K is obtained by reshaping the vector y2.

C. Attention Mechanism for Graph Neural Network

Considering all layers of the attention mechanism share
the same structure, differing only in the sizes of their input
and output, the following description uses the tth layer as a
representative example. Denoting the representation vector of
the ith node as input in the tth layer as xi (t − 1), the output
node representation vector is calculated by

xi (t) = Norm
(
ReLU(yAP

i (t) + yUE
i (t))

)
, (16)

where Norm(·) denotes the normalization operation. Here
yAP
i (t) represents the component of the update through the

attention mechanism, based on the information of nodes that
are associated with the same APs as the ith node, and it can
be expressed as

yAP
i (t) = LAP,t

1 (xi (t − 1)) +
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LAP,t
5

⎛
⎜⎝

∑

j∈VAP
i

αAP
i,j

[
LAP,t
2 (xj (t − 1)) + Lt

ϕ(ϕi,j )
]
⎞
⎟⎠, (17)

αAP
i,j =

〈
LAP,t
3 (xi (t − 1)), LAP,t

4 (xj (t − 1)) + Lt
ϕ(ϕi,j )

〉

∑
u∈VAP

i

〈
LAP,t
3 (xi (t − 1)), LAP,t

4 (xu (t − 1)) + Lt
ϕ(ϕi,u )

〉 ,(18)

where LAP,t
q (q = 1, . . . , 5) denotes 5 linear transformations

for capturing the information from AP-type edges in the tth
layer, while Lt

ϕ is a linear transformation used to capture
pilot contamination information in the tth layer. Moreover,
VAP

i denotes the set of nodes that share the same AP as the
ith node, < a, b >= exp(aTb/

√
D), and D is the length

of a.
Note that yUE

i (t) is obtained through a similar process, but
without considering pilot contamination. Specifically, Lt

ϕ(·) is
removed, as pilot contamination only arises between users.

IV. NUMERICAL RESULTS

A. Simulation Setup

In this simulation, the large-scale fading coefficient βm,k in
dB is modeled as

βm,k = PLm,k + zm,k , (19)

where PLm,k denotes the path loss in dB, modeled using
a three-slope model, and zm,k accounts for shadow fading,
following CN (0, σ2sh). The same large-scale fading parameters
as in [2] are used to characterize the propagation path. The
noise signal is simulated using the same parameters as in [7].

The lengths for the coherence block and pilot sequence
are set to Tc = 200 and Tp = 18, respectively. A total
of Tp orthogonal pilot sequences are allocated among UEs.
The first K sequences (corresponding to the actual number
of UEs) are assigned, while for cases where K > TP, the
remaining K − Tp sequences are randomly selected from the
TP available sequences. Simulation experiments are conducted
in a CFmMIMO system with MMSE channel estimation in (3)
and conjugate beamforming in (6).

B. Dataset Preparation and Padding Strategy

To address the requirement that all tensors within a batch
must have the same shape in modern deep-learning frame-
works such as PyTorch, which is used in our implementation,
we employ a zero-padding strategy to handle training datasets
with a varying number of UEs. Specifically, K is set as the
maximum number of UEs, Kmax, within the coverage area. If
the actual number of UEs, Kact, is smaller than Kmax, an extra
Kmax −Kact UEs are added as padding. During training data
preparation, zero-padding is applied to B and Φ, producing a
new B of size M ×Kmax and a new Φ of size Kmax ×Kmax

as actual inputs, ensuring uniform input dimensions across
training batches. Accordingly, the following modifications are
made to eliminate the influence of padded UEs: in (15), Y2

is replaced with Y2Φmask; in (17), αAP
i ,j is substituted with

ϕj ,jα
AP
i ,j . Here, the diagonal matrix Φmask shares the same

diagonal elements as the padded matrix Φ.

TABLE I
PARAMETERS FOR 5 SCENARIOS

C. Methods Compared and Performance Metrics

We compared the performance of the proposed method with
two other power allocation methods: the APG method and the
transformer-based method.3 The APG method, a traditional
optimization-based method as described in [13], serves as a
baseline to evaluate the performance of the proposed graph
attention network, with the smoothness parameter λ = 3
in (11). The transformer-based method of [7], a learning-based
method also referred to as PAPC, is included for comparison
as well. Considering that all existing GNN-based methods
thus far are under the assumption of free pilot contamination,
whereas our proposed method highlights its ability to handle
pilot contamination, GNNs are not included for comparison.

The empirical cumulative distribution function (CDF) of the
per-UE SE serves as a tool to visualize the SE distribution.
Besides, we provide the running times of methods to assess
their feasibility in real-time applications.

D. Performance Comparison in Different Scenarios

In this section, we compare the performance of 3 meth-
ods across 5 scenarios, demonstrating the adaptability and
scalability of the proposed method. The parameter settings
for 5 scenarios are listed in Table I. For the first scenario,
as an example, Kmax = 8 UEs are served by M = 16
APs, with both UEs and APs uniformly randomly distributed
within a coverage area of 0.16 km2. Since K < Tp in this
case, pilot contamination does not occur. The number of UEs
is not varying, thus K = Kmax = Kmin for all sample
data. If the number of UEs is varying, as in Scenarios 3
and 5, the number of UEs changes within [Kmin,Kmax]. In
Scenarios 2-5 with Kmax > Tp, pilot contamination arises
accordingly. All scenario results are tested on 500 samples, and
the number of training samples for each scenario is provided
in Table I.

The CDF results for 5 scenarios are presented in Fig. 2.
Note that the proposed Graph ATtention network method is
labeled as GAT in Figs. 2 and 3. For the max-min fairness
objective, a steeper CDF curve that shifts towards the right
indicates a more desirable result, as it suggests improved
fairness across UEs, as well as higher SEs for all UEs. It can be
concluded from Fig. 2 that the proposed method outperforms
both APG and PAPC in all scenarios, demonstrating the
proposed method’s adaptability across different application
scenarios, including variations in communication network size,
pilot contamination, and whether the number of UEs is fixed
or not. Note that in Scenarios 3 and 5, the curves do not ascend

3The proposed network and transformer-based network were trained on the
NVIDIA H200 GPU.
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Fig. 2. Result comparison between 3 methods across 5 scenarios.

Fig. 3. Performance comparison for the proposed method trained with a
varying number of UEs but tested with fixed UEs.

TABLE II
RUNTIME COMPARISON BETWEEN METHODS (IN SECONDS)

as sharply as those of the other three scenarios. This is because
the number of active UEs varies for each test sample, leading
to a wider range of SE per UE.

To evaluate the flexibility of the proposed method, the
trained models from Scenarios 3 and 5, which were trained
with varying numbers of UEs, are tested on fixed UE set-
tings, i.e., Scenario 3 with K = 20 and Scenario 5 with
K = 40. The results, presented in Fig. 3, show that the
models trained on datasets with varying numbers of UEs still
demonstrate strong performance, even surpassing the APG
method.

Table II presents the runtime for each method across dif-
ferent scenarios. The CPU measurements are obtained on a
64-bit Windows system with 16 GB RAM and an Intel Core
i5 (2.60 GHz), while the GPU measurements are obtained
using an NVIDIA A40. As shown, compared to 5.5185 [s]
GPU processing time for APG in Scenario 5 with 64 APs and
40 UEs, the proposed method achieves a processing time of
2.2 [ms] on the GPU and 592 [ms] on the CPU, highlighting
the real-time performance of the learning-based method and
demonstrating its potential for power control in real-time
applications. Note that although the PAPC’s runtime is slightly
less than the proposed model, the performance improvement
justifies the negligible time difference.

In conclusion, the proposed method achieves performance
comparable to APG. Moreover, it significantly reduces

computational complexity, highlighting the superior suitability
of GNNs for CFmMIMO applications.

The impact of imperfect large-scale fading information and
an ablation study on the performance gain from incorporating
pilot information have been conducted. Please refer to the
extended version of this letter for details [14].

V. CONCLUSION

A graph attention method has been proposed for downlink
power control in CFmMIMO systems. The proposed method
not only effectively managed power control in the presence of
pilot contamination but also demonstrated strong adaptability
to varying communication network sizes and both fixed and
dynamic numbers of UEs. Additionally, the neural network
was trained in a self-supervised manner, eliminating the need
for the labor-intensive process of labeling the large volume of
samples. Experimental results demonstrated that the proposed
method outperforms APG and transformer-based methods.
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