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Phase diagram of superfluid 3He

3He is the less common isotope of helium. It is a fermion.
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Length scales in superfluid SHe

hydrodynamic theory

B density,
| superfluid density,

’ stiffness parameters,
viscosity parameters

Ginzburg-Landau theory

Ao B Ky quasiclassical theory

density, Fermi velocity,

, Tinteraction parameters T, ... t th
quantum theory

B spin = 1/2

| charge=2e

mass = 5.01 1072/ kg
gyromagnetic ratio = 2.04 108 1/Ts
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Superfluidity

Superfluids can flow without friction.

Superfluidity is a quantum phenomenon on a macroscopic scale.

Macroscopic number of particles is in the same quantum state.
= a macroscopic wave function (order parameter)

Bosons

A macroscopic number of bosons is in the same quantum state.
— superfluidity of liquid 4He and gases of alkali atoms

Fermions

Only one fermion can occupy one quantum state.

Fermions form pairs (Cooper pairs).

= superconductivity of metals, superfluidity of liquid 3He



Order parameter of superfluid SHe

Cooper pairs form in p-wave state

= the spin state is triplet

Orbital wave functions (L=1)

Spin wave functions (S=1) X } : jg/\

S =0: (- TT ll) A Xy Az
s,=0: i(tt+]]) Ay Ay A,
S,=0: (Tl"' lT) A 2x Azy Az

order parameter

Az-j(r) is the wave function for the center of mass of a Cooper pair.



Ginzburg-Landau theory of 3He

The order parameter
Aa:az Axy sz
A= | Ayz Ay Ayz
Azx Azy Azz
is determined by a minimum of the free-energy functional
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where a = o/(4 — 1). Input parameters o/, 81, B2, B3, B4, B35, K and ~.
Tc

Expansion 1) in the amplitude of the order parameter and 2) in gradients.



EXxercises

1 0 O
A=A(0 1 0].
O 0 1

Substitute in the free energy ().
Minimize with respect to A to obtain

B-phase

pr=__lol___ (2)
6812 + 208345
where 3;;.. = B; + B8; + .... This gives the
free energy density

F 3a?

f — volume - _12ﬁ12 -+ 4ﬁ345. (3)

A-phase

1 <2 O
A=A|10 0 0].
O O O

Substitution and minimization give

a2

f — : A2 — |Oé| .
48245 4 B245

(4)

The same energies can be obtained by
rotating the spin and orbital coordinates
into arbitrary orientation. Also an
arbitrary phase factor exp(ix) can be
included. Thus for the B-phase

Ra:x ny sz
A = Aexp(ix) (Ryx Ry, Ryz> , (5)
Rzaz Rzy Rzz
where R is a rotation matrix. The
simplest representation for the A phase
uses an orthonormal triad m, @, 1 and a
unit vector d:

Ay = A (i + i), (6)
4
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Problem of a rotating Simple model for a vortex
superfluid

An uncharged superfluid cannot P
rotate homogeneously: C/ -

A(r) = Agexplix(r)]

—ihV
S v= = = A .
L Vxve=o0 A(r, ) = Age'® f(r)
f(r)
Rotation takes place via vortex
lines r
e

It follows that

e, 1 P
V=om Ve =25
Circulation around a vortex line
h
_ R ) _




Density of vortex lines n

Angular velocity €2.

velocitvan =Qr
Vs
T

R

On the average, the superfluid
rotates as a normal fluid. The
circulation around the container
equals

2TROQR = nkmR?
29

= n = p (7)

T he vortex core

-

=
A\

Boundary condition (B phase)

/1 0 0
A(r > c0,6)=¢?[0 1 0] (8)
0O 0 1

Simple ansatz:

| 1 0 O
A(r,¢) = f(r)e? |0 1 0
O O 1

f(r)

VH



Symmetry classification

Axially symmetric vortices (Salomaa & Volovik 1983)
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Vortex cores in SHe-B

Numerical minimization of Ginzburg-Landau functional (1) with boundary
condition (8) in 2 D

0;0;A i+ (v—1)8;0;A,; = [-A+ B1A*Tr(AAL) + BATr(AAT*)

J=J
+O3AATA" + BaAATFA + BsATATA] ;. (9)
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Josephson effect

3 dimensional grid

diameter| [ i i

of orifice | | @ i T

NY

“wall
thickness

Numerical calculation with
Ginzburg-Landau theory (Janne Viljas)

Current

= mw-State

The order parameter in the orifice for a
phase difference w
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This is very similar as the order
parameter in the double-core vortex on
an axis that passes between the two
cores.

The two cores can be interpreted as
two half-quantum vortices.



Other line defects in 2He-B

In the order parameter

A = Aexp(ix)R(n,0) (&

the rotation matrix R can be parametrized with an axis of rotation n and
an angle 6.

Symmetry U(1) x SO3. Homotopy groups n(U(1)) = Z, n(S03) = Z>.

Variation of R results in spin currents.

Ol Bl B

X — X+2T0 0 0+21 X— X+2T
0 - 0+2T11
(mass) vortex spin vortex Spin-mass vortex

Ginzburg-Landau calculation
= T he spin-mass vortex is stable against dissociation: Fsm < Fs+ Fm.

Spin current is not conserved on a large scale.



Additional terms in Ginzburg-Landau functional

Fhasic /d3 O‘Afn i
+B811 A1 Apil® 4 Bo(Api AL + B3AL AL AL A,

+Ba AL AL AL W—|—[35A* A, AV]A/*U

+(y = 1)0;A4%,0,A,5 + 0 A% 0iA 5
Dipole-dipole interaction of 3He nuclear moments (gp ~ 107°/)

Fp = gD/d?)r(Am JJ + Az] 71 %A,ZZA,LLZ) (10)

External magnetic field

Fy = / 31 (~igrnemuw HeAliAyi + gn HuA%iAyiHy + gy H2 A% A ) . (11)

Rotation of the liquid

Fo = —i(2n—1)Key; /d3r(V X Vi) RAL AL, (12)



Large-scale structure of a spin-mass vortex
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A few spin-mass vortices are created in fast A—B transitions.



T he A phase

The order parameter A,; = Adu(m; + in;)

i 4| fd“
( R o Wea
m N
orbital wave function spin wave function

A phase factor elX corresponds to rotation of m and @ around I:

eX(m + i) (cosy + isinx)(m 4+ iii)

(mcosx —nsiny) +«(msiny + ncosy).

Superfluid velocity

h h S,
Vs = %VX = %%:mjan. (13)



Vortices In the A phase

Consider the structure

Here T sweeps once trough all orientations (once a unit sphere).

Claim: m and @ circle twice around 1 when one goes around this object.
Exercise: verify this by drawing m and n on the figure.

Conclusion: this is a two-quantum vortex. It is called continuous, because
A (the amplitude of the order parameter) vanishes nowhere.



Hydrostatic theory of 3He-A

Assume the order parameter (m, 0, 1, d) changes slowly in space. Then we
can make gradient expansion of the free energy

F o= /d3r[— Iap(d- D2+ Lxay(@- H)?
+301v° + 5o —p)A-V)*+Cv-V xT-Co(T- V)1V x 1)
—I—%KS(V D2+ %Ktﬁ- vV x 1|° + %Kbﬁ x (V x D)2
+3Ks|(T- V)dP? + 3K6[(T x V);d))? |.
Needs as input A\p = 4gpAZ, A\, pi, p|, C, Co, K, Ks, Kp, Ks, and Kg.

Low field (H <1 mT): d| 1= vortex cores fills all space

High field (H > 1 mT): d L H = vortex cores limited by gp to size



Continuous vortex lattices

Projection of 1 field on z-y plane

low field vortex high field vortex
Locked vortex 1 (LV1) Continuous unlocked vortex (CUV)
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Vortex sheet

Also vortex sheets are possible in
SHe-A

Sheets were first suggested to

exist in *He, but they were found
to be unstable.

Why stable in 3He-A?

Dipole-dipole interaction ([10Q)

fp = -3 p(d - 1)?

~,
~ >
(@
=)
~,
-«
(@I
L]
~,
~
(@I
~,
<«
(@I

Vortex sheet = soliton wall to
which the vortices are bound.

d=constant

. - =
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Shape of the vortex
Sheet

The equilibrium configuration of the
sheet is determined by the minimum of

F = /d3r%ps(vn —v,)? 4 o A.

Here A is the area of the sheet and o its
surface tension.

The equilibrium distance b between two

sheets is
1/3
b= ( 30 ) . (14)

This gives 0.36 mm at 2 =1 rad/s.

The area of the sheet

1
Ao = o Q%3 (15)
b

as compared to Nyortex line < 2 (7).

velocity

T radius

Connection lines with the side wall
allow the vortex sheet to grow and
shrink when angular velocity €2 changes.



Vortex phase diagram in 3He-A

Vortex sheet (VS)
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NMR spectra of vortices
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The length scale of vorticity in 3He-A is 10 um.

Nucleation of vortices
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Surface roughness can be controlled on this level.
= possibility to study intrinsic vortex formation
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Summary of periodic vortex structures

material vortex name Bravais lattice space group N 4 theory experiment
*He-II vortex line hexagonal P6/mm/m’ 1 - 1949-55 1950-79
S.Cc. metals flux line several several 1 - 1957 1936-66
SHe-B A-phase-core V. hexagonal P6m/m’ 1 - 1983 1982
double-core v. cent. rectang. Cm/'m/2 1 - 1986 1982
SHe-A locked vortex 1 (LV1) square P4 /nb'm/ 4 2 1978 1990
cont. unlocked v. (CUV) cent. rectang. c2 2 0 1983 1982
singular vortex (SV) cent. rectang. Cm/ 1 - 1983 1987-95
locked vortex 2 (LV2) cent. rectang. Cc2 2 1985 -
vortex sheet (VS) prim. rectang. Pbta'n 4 0 1994 1985-94

N: number of circulation quanta per unit cell

vy, topological quantum number for d.



Conclusion

Vorticity in superfluid 3He forms a very rich system because of the several
length scales that are relevant in this system.
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