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Abstract

This article considers the application of the unscented transformation to approxi-
mate fixed-interval optimal smoothing of continuous-time non-linear stochastic sys-
tems. The proposed methodology can be applied to systems, where the dynamics
can be modeled with non-linear stochastic differential equations and the noise cor-
rupted measurements are obtained continuously or at discrete times. The smoothing
algorithm is based on computing the continuous-time limit of the recently proposed
unscented Rauch-Tung-Striebel smoother, which is an approximate optimal smooth-
ing algorithm for discrete-time stochastic systems.
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1 Introduction

In this article, we present a new approximation algorithm to continuous-time
fixed-interval optimal smoothing of non-linear stochastic state space models.
Optimal smoothing in the context of state space models refers to statistical
methodology that can be used for computing estimates of the past state history
of a time varying system based on the history of noisy measurements obtained
from it. By continuous-time we mean that the dynamics of the system are
modeled with continuous-time state space models, that is, with stochastic
differential equations. The derived continuous-time smoothers can be equally
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applied to models, where the measurements are obtained continuously or to
models where the measurements are obtained at discrete time instants.

1.1 Optimal Smoothing in Continuous-Time

Optimal smoothing problems are classically divided into fixed-point, fixed-lag
and fixed-interval smoothing problems:

• Fixed-point smoothing refers to methodology, which can be used for effi-
ciently computing the optimal estimate of the initial state or some other
fixed-time state of a state space model, given an increasing number of mea-
surements after it. This kind of estimation problem arises, for example, in
estimation of the state of a space craft at a given point of time in the past
[1] or in alignment and calibration of inertial navigation systems [2].

• Fixed-lag smoothing is methodology for computing delayed estimates of state
space models given measurements up to the current time plus up to a con-
stant horizon in the future. Fixed-lag smoothing can be considered as opti-
mal filtering, where a constant delay is tolerated in the estimates. Potential
applications of fixed-lag smoothing are all the problems where optimal filters
are typically applied, and where the small delay is tolerated. An example of
such application is digital demodulation [3].

• Fixed-interval smoothing can be used for computing estimates of a fixed
time interval of states given the measurements on the same interval. These
kind of batch estimates of the whole history of a state trajectory are often
useful, for example, in target tracking, navigation, audio signal processing,
machine learning, time series analysis and time series prediction [4–8].

In this article, we shall specifically concentrate on fixed-interval smoothing
problems associated to continuous-time models. The corresponding fixed-point
and fixed-lag algorithms could be derived from the fixed-interval smoothers in
a quite straight-forward manner (cf., [1,9]), but they are not considered here.

Although, at the first glance continuous-time algorithms would not seem to
be very useful in the current world of digital computers, in modeling point of
view continuous-time systems are often more appropriate models of physical
systems than discrete-time models. The Nature is – when the current physical
theories are considered – still a continuous-time system. And when the models
are in continuous time, the algorithms are also most naturally formulated in
continuous time.

Another reason for studying continuous-time models is that digital computers
are not the only possible devices for implementing estimation algorithms. Al-
though, analog computers as such are not utilized in practical computations
anymore, signal processing and control systems are still often implemented

2



using analog electrical components or are based on mechanical and optical
phenomena. In such implementations, continuous-time algorithms are much
more suitable than discrete-time algorithms.

1.2 Problem Formulation

In this article, we shall consider the application of the unscented transforma-
tion [10,11] to optimal smoothing of state space models with continuous-time
dynamics. Discrete-time unscented transformation based (two-filter) smoothers
have already been discussed in [12] and the discrete-time unscented Rauch-
Tung-Striebel smoother (URTSS) has been presented in [13]. In this article we
shall derive continuous-time versions of the URTSS using similar procedure as
was used for deriving the continuous-time and continuous-discrete unscented
Kalman filters in the article [14].

The considered models can be pure continuous-time models, where both the
dynamics and measurements are modeled in continuous time such as

dx(t)

dt
= f(x(t), t) + L(t) ǫ(t)

y(t) = h(x(t), t) + ν(t),
(1)

or continuous-discrete state space models, where the dynamics are modeled
in continuous time, but the measurements are obtained at discrete instants of
time:

dx(t)

dt
= f(x(t), t) + L(t) ǫ(t) (2)

yk = h(x(tk), k) + rk. (3)

In the models above t ∈ [0,∞) denotes the continuous time variable and
k ∈ {0, 1, 2, . . .} is the discrete time step number occurring at the time instant
tk. The various terms are defined as follows:

• x(t) = (x1(t), . . . , xn(t)) ∈ R
n is the continuous-time state process.

• f(·) is the non-linear drift function.
• ǫ(t) is the process noise, which is a zero mean Gaussian white noise process

with spectral density matrix Qc(t) ∈ R
s×s. The noise process is assumed to

be independent of states and measurement noise.
• L(t) ∈ R

n×s is the noise-feedback matrix, independent of states, measure-
ments and noises.

• ν(t) is the continuous-time measurement noise, which is a zero mean Gaus-
sian white noise process with spectral density matrix Rc(t) ∈ R

d×d. The
noise process is assumed to be independent of states and process noise.

• y(t) = (y1(t), . . . , yd(t)) ∈ R
d is the continuous-time measurement process.
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• yk = (yk,1, . . . , ydk,) ∈ R
d is the discrete-time measurement obtained at the

time instant tk.
• h(·) is the non-linear measurement model function,
• rk is the discrete-time measurement noise at the time instant tk, and it is

a zero mean Gaussian white noise sequence with covariance matrix Rk ∈
R

m×m.

In statistical estimation sense then purpose of the fixed-interval optimal smoother
is to efficiently compute the marginal posterior distributions of the states at
all times on the considered interval. That is, if the time interval is [0, T ] and
the measurements are modeled in continuous time, we want to compute the
distributions

p(x(t) | {y(τ) : 0 ≤ τ ≤ T}),
for each t ∈ [0, T ]. If the measurements are modeled in discrete time, the
corresponding posterior distribution is

p(x(t) | y1, . . . , yT ),

which we want to compute for each t ∈ [0, tT ]. In practical computations
we often compute the point estimate of the state as the posterior mean of
the distribution, which is the minimum mean squared estimate (MMSE) of
the state. Furthermore, the uncertainty of the mean can be estimated by
computing the posterior covariance of the state.

The continuous-time filtering model (1) and the dynamic model (2) fall into the
class of models called stochastic differential equations. The theory of stochastic
differential equations is well known, and it is commonly formulated in terms of
Itô calculus, which is the theory of differential calculus of stochastic processes
(see, e.g., [15,16]). In rigorous mathematical sense, for example, the dynamic
model (2) should be actually interpreted as a stochastic integral equation of
the form

x(t) − x(s) =
∫ t

s
f(x(t), t) dt +

∫ t

s
L(t) dβ(t), (4)

which can be written more compactly as

dx(t) = f(x(t), t) dt + L(t) dβ(t), (5)

where β(t) is a Brownian motion with diffusion matrix Qc(t). If we define
the white noise ǫ(t) as the formal derivative of the Brownian motion ǫ(t) =
dβ(t)/dt, the equation (5) can be formally written in form (2).

In this article, we shall interpret the stochastic differential equations in the
sense of Stratonovich [17], because in that interpretation the mathematical
treatment of white noise can be done as if it was a non-random function. This
does not affect the interpretation of the models (1) and (2) as such, because
noises in these models are purely additive. However, the derived continuous-
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time mean, covariance and sigma point differential equations, when they con-
tain stochastic terms, should be interpreted in Stratonovich sense.

The difference between Itô and Stratonovich equations actually arises from
how the stochastic integral of the form

∫ t

s
L(x(t), t) dβ(t), (6)

where x(t) is a β-adapted stochastic process, is defined. In the Itô interpre-
tation the definition is chosen such that the integral becomes a martingale.
The disadvantage of this is that the conventional chain rule of calculus no
longer applies and the Itô formula has to be used instead. In Stratonovich in-
terpretation the integral is defined such that the normal chain rule as well as
other normal calculus rules apply, but the integral ceases to be a martingale.
These properties make formal manipulation of Stratonovich stochastic differ-
ential equations easier than of Itô stochastic differential equations, but direct
theoretical analysis of Stratonovich equations is more complicated than that
of Itô equations. For discussion about the applicability and physical signifi-
cance of the Stratonovich integral the reader is referred to [16,17]. Stratonovich
stochastic differential equations can always be converted into equivalent Itô
equations by using simple transformation formulas [16,17].

Because in the stochastic differential equation (4) the noise-feedback matrix
does not depend on the state, that is, we have L(x(t), t) = L(t), the definitions
coincide. In this sense it does not matter whether the Itô or Stratonovich
interpretation of the model equation is used. However, in the derivation of
the continuous-time smoother equations the formulas do contain more general
stochastic integral terms, where the different interpretations potentially do
matter, and because the derivation is based on normal rules of calculus, the
resulting equations should be interpreted in Stratonovich sense.

1.3 Approaches to Approximate Optimal Smoothing

Kalman filtering [18,19] and more general optimal filtering [20–24] are closely
related to optimal smoothing, and for this reason most of the existing ap-
proximate non-linear optimal smoothing methods are based on similar ap-
proximations as is used in optimal filters. These kind of approximations are,
for example, Taylor series approximations of extended Kalman filters [22],
sigma-point approximations used in unscented Kalman filters [11,12,25,26]
and Monte Carlo approximations used in particle filters [27,28].

The solution to the fixed-interval linear Gaussian smoothing problem in both
continuous and discrete time settings is given by the Rauch-Tung-Striebel
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smoother [29,30]. Alternatively the solution can be represented as a combina-
tion of two Kalman filters, one running forwards and another backwards in
time [31]. All the solutions to linear Gaussian smoothing problems are well
known and well documented in many text books [1,9,24,32,33]. Taylor series
based approximations the more general formalism is also well documented in
the literature [9,23,32,34–36].

Unscented transformation based two-filter type optimal smoothing in discrete-
time model context has already been discussed in [12] and the discrete-time
unscented Rauch-Tung-Striebel smoother was presented in the recent article
[13]. Discrete-time Monte Carlo based particle smoothing methods are de-
scribed in the articles [5,7].

Continuous-time optimal smoothing has recently received less attention in
applied literature, and the continuous-time smoothing methods can be more
easily found in older books [1,23,32]. However, in the recent book [9] also the
continuous-time linear and non-linear smoothing is considered. In this article
we shall present a new continuous-time smoothing algorithm, which is based
on the unscented transformation, or more specifically, is the continuous-time
limit of the unscented Rauch-Tung-Striebel smoother [13].

1.4 Contributions and Organization of the Paper

The main contribution of the paper is to derive equations of the continuous-
time version of the unscented Rauch-Tung-Striebel smoother [13]. The deriva-
tion is based on the similar limiting procedure as was used for deriving the
continuous-time unscented Kalman filter from the discrete-time filter in [14].
Some of the results have already appeared in the doctoral thesis [37], but here
the results are significantly extended and more throughly analyzed.

The organization of the paper is the following:

• The unscented transformation, discrete-time unscented Kalman filter and
continuous-time unscented Kalman filter are reviewed in Sections 2.1, 2.2,
and 2.3, respectively.

• The additive form of the discrete-time unscented Rauch-Tung Striebel is
presented in Section 3.1. The derivation of the basic continuous-time un-
scented Rauch-Tung-Striebel smoother is presented in Section 3.2 and the
sigma-point form is derived in Section 3.3

• The computational complexity of the algorithms is analyzed in Section 4.
• In Section 5 a numerical example is presented, where the proposed algorithm

is applied to a simulated non-linear filtering and smoothing problem.
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2 Unscented Kalman Filter

The unscented transformation (UT) [11] is a relatively recent method for ap-
proximating non-linear transformations of random variables. Instead of Tay-
lor series approximations, it is based on forming a set of sigma points, which
are propagated through the non-linearity. The unscented Kalman filter (UKF)
[11,12,14,26] is an alternative to the extended Kalman filter (EKF) [22], which
utilizes the unscented transformation in the filter computations. In this sec-
tion, we shall shortly review the unscented transformation, unscented Kalman
and the continuous-time unscented Kalman filter, that is, the unscented Kalman-
Bucy filter.

2.1 Unscented Transformation

The unscented transformation (UT) [10,11] is a numerical method that can
be used for forming a Gaussian approximation to the joint distribution of
random variables x and y, when the random variable y is obtained as a non-
linear transformation of the Gaussian random variable x as follows:

x ∼ N(m,P )

y = g(x),
(7)

where x = (x1, . . . , xn) ∈ R
n, y = (y1, . . . , yd) ∈ R

d, and g(·) is a general
non-linear function from R

n to R
d. The unscented transformation forms the

Gaussian approximation
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to the joint distribution of x ∈ R
n and y ∈ R

m by computing the parameters
µ, C and S with the following procedure:

(1) Form the matrix of sigma points X as

X =
[

m · · · m

]

+
√

c
[

0
√

P −
√

P

]

,

where c = n + λ and λ is a scaling parameter, which is defined in terms
of algorithm parameters α and κ as follows:

λ = α2 (n + κ) − n. (8)

The parameters α and κ determine the spread of the sigma points around
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the mean [12]. The matrix square root denotes a matrix such that
√

P
√

P
T

=
P . The sigma points are the columns of the sigma point matrix.

(2) Propagate the sigma points through the non-linear function g(·):

Yi = g(Xi), i = 1 . . . 2n + 1,

where Xi and Yi denote the ith columns of matrices X and Y , respectively.
(3) Estimates of the mean µ and covariance S of the transformed variable,

as well as estimate of the cross-covariance C of the non-transformed and
transformed variables can be computed from the sigma points as follows:

µ =
∑

i

W
(m)
i−1 Yi

S =
∑

i

W
(c)
i−1 (Yi − µ) (Yi − µ)T

C =
∑

i

W
(c)
i−1 (Xi − m) (Yi − µ)T ,

(9)

where the constant weights W
(m)
i and W

(c)
i are defined as follows:

W
(m)
0 = λ/(n + λ)

W
(c)
0 = λ/(n + λ) + (1 − α2 + β)

W
(m)
i = 1/{2(n + λ)}, i = 1, . . . , 2n

W
(c)
i = 1/{2(n + λ)}, i = 1, . . . , 2n.

(10)

Here β is an additional algorithm parameter, which can be used for in-
corporating prior information on the form of the distribution of x [12].

The mean, covariance and cross-covariance equations (9) of the unscented
transformation can also be written in convenient matrix form as follows [14]:

µ = Y wm

S = Y W Y T

C = X W Y T ,

(11)

where the vector wm and matrix W can be easily computed from the weights
W

(m)
i and W

(c)
i as follows:

wm =
[

W
(m)
0 · · · W

(m)
2n

]T

W =
(

I −
[

wm · · · wm

])















W
(c)
0

. . .

W
(c)
2n















(

I −
[

wm · · · wm

])T

.
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The matrix form (11) is particularly convenient in mathematical treatment of
the unscented transformation and for this reason it is used in the derivation
of the continuous-time smoother in this article. However, from the computa-
tional point of view it is more efficient to use the summation form (9) of the
transformation [14].

2.2 Discrete-Time Unscented Kalman Filter

In Bayesian sense, optimal non-linear discrete-time filtering considers estima-
tion of the state in generic state space models of the form

xk ∼ p(xk | xk−1)

yk ∼ p(yk | xk),
(12)

where xk is the unknown hidden state and yk is the measurement on time
step k. The dynamic model p(xk | xk−1) defines a Markov model for state
transitions. The measurement model p(yk | xk) defines the distribution of
measurements for given state configurations. On the initial time step k = 0,
the state is assumed to have a predefined prior distribution p(x0).

The purpose of the optimal filter is to compute the filtering distribution, which
is the posterior distribution of the current state xk given the history of mea-
surements up to the current time step k:

p(xk | y1, . . . , yk) = p(xk | y1:k). (13)

The recursive equations for calculating the posterior state distribution above
are called the optimal filtering equations or the Bayesian filtering equations:

p(xk | y1:k−1) =
∫

p(xk | xk−1) p(xk−1 | y1:k−1) dxk−1 (14)

p(xk | y1:k) =
p(yk | xk) p(xk | y1:k−1)

∫

p(yk | xk) p(xk | y1:k−1) dxk

, (15)

where Equation (14) is called the Chapman-Kolmogorov equation (or the pre-
diction step) and Equation (15) is the Bayes’ rule (or the update step).

The discrete-time unscented Kalman filter (UKF) [11,12,25,26] is an optimal
filtering algorithm that utilizes the unscented transformation and can be used
for approximating the filtering distributions of models, which have the follow-
ing state space form:

xk = f(xk−1, k − 1) + qk−1

yk = h(xk, k) + rk,
(16)
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where xk ∈ R
n is the state, yk ∈ R

m is the measurement, qk−1 ∼ N(0, Qk−1)
is the Gaussian process noise, rk ∼ N(0, Rk) is the Gaussian measurement
noise, f(·) is the dynamic model function and h(·) is the measurement model
function. On the initial time step the state is assumed to have a Gaussian
prior distribution x0 ∼ N(m0, P0) with a known mean m0 and covariance P0.

Clearly the model (16) can be seen to be a special case of the model (12).
Note that UKF can be applied to slightly more general models than (16), in
particular, the noises do not necessarily need to appear in additive manner
as they do here. However, the continuous-time UKF is based on this additive
form of the filter and for this reason it is used here.

The UKF forms a Gaussian approximation to the filtering distribution as
follows:

p(xk | y1, . . . , yk) ≈ N(xk | mk, Pk), (17)

where mk and Pk are the mean and covariance computed by the algorithm.

In the unscented Kalman filter (UKF) algorithm, computations are started
from the prior mean m0 and covariance P0, and the following operations are
performed on each measurement step k = 1, 2, 3, . . .:

(1) Prediction step:
(a) Form the matrix of sigma points:

Xk−1 =
[

mk−1 · · · mk−1

]

+
√

c
[

0
√

Pk−1 −√
Pk−1

]

. (18)

(b) Propagate the sigma points through the dynamic model:

X̂k,i = f(Xk−1,i, k − 1), i = 1 . . . 2n + 1. (19)

(c) Compute the predicted mean m−

k and the predicted covariance P−

k :

m−

k =
∑

i

W
(m)
i−1 X̂k,i

P−

k =
∑

i

W
(c)
i−1 (X̂k,i − m−

k ) (X̂k,i − m−

k )T + Qk−1.
(20)

(2) Update step:
(a) Form the matrix of sigma points:

X−

k =
[

m−

k · · · m−

k

]

+
√

c
[

0
√

P−

k −
√

P−

k

]

. (21)

(b) Propagate sigma points through the measurement model:

Ŷk,i = h(X−

k,i, k), i = 1 . . . 2n + 1. (22)
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(c) Compute the predicted mean µk, the predicted covariance of the mea-
surement Sk, and the cross-covariance of the state and measurement
Bk:

µk =
∑

i

W
(m)
i−1 Ŷk,i

Sk =
∑

i

W
(c)
i−1 (Ŷk,i − µk) (Ŷk,i − µk)

T + Rk

Bk =
∑

i

W
(c)
i−1 (X−

k,i − m−

k ) (Ŷk,i − µk)
T .

(23)

(d) Compute the filter gain Kk and the filtered state mean mk and co-
variance Pk, conditional to the measurement yk:

Kk = Bk S−1
k

mk = m−

k + Kk [yk − µk]

Pk = P−

k − Kk Sk KT
k .

(24)

In terms of the matrix form of unscented transformation, the steps 1b and
1c of the filter, that is, the Equations (19) and (20) can be written in the
following compact form [14]:

X̂k = f(Xk−1, k − 1)

m−

k = X̂k wm

P−

k = X̂k W X̂T
k + Qk−1.

(25)

Similarly, the steps 2b and 2c or the Equations (22) and (23) can be written
as

Ŷk = h(X−

k , k)

µk = Ŷk wm

Sk = Ŷk W Ŷ T
k + Rk

Bk = X−

k W Ŷ T
k .

(26)

In the above equations we have used the shorthand notation introduced in
[14] such that the expression

Y = g(X), (27)

where X ∈ R
n×d and g : R

n 7→ R
m means that the ith column Yi of the matrix

Y ∈ R
m×d is formed as follows:

Yi = g(Xi).
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2.3 Continuous and Continuous-Discrete Time UKF

In this section we shall present the unscented Kalman-Bucy filter and continuous-
discrete unscented Kalman filter, which can be derived from the discrete-time
unscented Kalman filter by a formal limiting procedure. The derivations of
these filters can be found in the article [14].

Theorem 1 (Unscented Kalman-Bucy filter) The stochastic differential
equations corresponding to the UKF in the continuous-time limit of the state
and measurement processes, that is, the unscented Kalman-Bucy filter (UKBF)
equations, are given as

K(t) = X(t) W hT (X(t), t) R−1
c (t)

dm(t)

dt
= f(X(t), t) wm + K(t) [y(t) − h(X(t), t) wm]

dP (t)

dt
= X(t) W fT (X(t), t) + f(X(t), t) W XT (t)

+ L(t) Qc(t) LT (t) − K(t) Rc(t) KT (t).

(28)

The sigma-point matrix X(t) is defined as

X(t) =
[

m(t) · · · m(t)

]

+
√

c
[

0
√

P (t) −
√

P (t)

]

. (29)

The computations are started from a known initial mean m(0) = m0 and
covariance P (0) = P0.

The equations above are conditioned on the measurement signal y(t), but in
construction of the continuous-discrete time filter we need the optimal predic-
tion equations which give the optimal state estimate when no measurement
signal is available. These prediction equations are valid in both continuous-
time and continuous-discrete-time cases.

Theorem 2 (Mean and covariance prediction) The predicted mean m(t)
and covariance P (t) of the state for times t ≥ t0 given the mean and covariance
at the time instant t0, that is, m(t0) and P (t0) can be computed by integrating
the differential equations

dm(t)

dt
= f(X(t), t) wm

dP (t)

dt
= X(t) W fT (X(t), t) + f(X(t), t) W XT (t) + L(t) Qc(t) LT (t),

(30)

from the initial conditions m(t0) and P (t0) to the time instant t. Here X(t) is
defined as in Equation (29).

The continuous-discrete UKF can be now implemented as follows:
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(1) Prediction. Integrate the differential equations (30) from the initial con-
ditions m(tk−1) = mk−1, P (tk−1) = Pk−1 to the time instant tk. The pre-
dicted mean and covariance are given as m−

k = m(tk) and P−

k = P (tk),
respectively.

(2) Update. The update step is the same as the discrete-time unscented
Kalman filter update step (21) - (24) in Section 2.2.

The continuous-time unscented Kalman-Bucy filter and the continuous-discrete
unscented Kalman filter [14] compute the means m(t) and covariances P (t) of
Gaussian approximations to the filtering distributions of the continuous-time
(1) and continuous-discrete models (2) - (3), respectively. The resulting pos-
terior (filtering) distribution approximations can be then interpreted to be

p(x(t) | {y(τ) : 0 ≤ τ ≤ t}) ≈ N(x(t) |m(t), P (t)).

p(x(tk) | y1, . . . , yk) ≈ N(x(tk) |m(tk), P (tk)).

The continuous-discrete filtering distribution can be generalized to all t ∈
[0,∞) by defining that between the measurements, the filtering distribution
is the optimal prediction from previous measurement to that time instant.
The continuous-discrete Kalman filter can be then interpreted to form the
following approximation to the generalized filtering distribution:

p(x(t) | y1, . . . , yk) ≈ N(x(t) |m(t), P (t)), (31)

where k and t are related by t ∈ [tk, tk+1), where tk and tk+1 are the times of
the measurements yk and yk+1, respectively.

In the article [14], the sigma point versions of the filter equations are also
presented, but they are not repeated in this article, because here we only need
the mean and covariance form of the filter.

3 Unscented Rauch-Tung-Striebel Smoother

In this section, we shall first review the basic Bayesian theory behind Rauch-
Tung-Striebel smoothing and then review the discrete-time unscented Rauch-
Tung-Striebel smoother algorithm presented in [13]. After that the mean/covariance
and sigma-point forms of the continuous-time unscented Rauch-Tung-Striebel
smoothers are derived.
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3.1 Discrete-Time Unscented RTS Smoother

In Bayesian estimation perspective, the purpose of (fixed-interval) optimal
smoothing is to compute the posterior distribution of the state xk at a time
step k after receiving the measurements up to a time step T , where T > k

p(xk | y1, . . . , yT ) = p(xk | y1:T ).

The difference between filters and smoothers is that a filter computes its es-
timates using only the measurements obtained before and at the time step
k, but a smoother uses also the future measurements for computing its esti-
mates. After obtaining the filtered posterior state distributions, the following
Bayesian optimal smoothing equations can be used for calculating the poste-
rior distribution for each time step conditionally to all measurements up to
the time step T :

p(xk+1 | y1:k) =
∫

p(xk+1 | xk) p(xk | y1:k) dxk (32)

p(xk | y1:T ) =
∫ p(xk+1 | xk) p(xk | y1:k)

p(xk+1 | y1:k)
p(xk+1 | y1:T ) dxk+1. (33)

As the noises in the state space model (16) appear in additive manner, it is
possible to write the general URTSS equations [13] in a bit simpler additive
form in an analogous manner as in the filter case [12]. The resulting additive
form unscented RTS smoother algorithm is the following:

(1) Form the matrix of sigma points:

Xk =
[

mk · · · mk

]

+
√

c
[

0
√

Pk −
√

Pk

]

.

(2) Propagate the sigma points through the dynamic model:

X̂k+1,i = f(Xk,i, k), i = 1 . . . 2n + 1.

(3) Compute the predicted mean m−

k+1, predicted covariance P−

k+1 and cross-
covariance Ck+1:

m−

k+1 =
∑

i

W
(m)
i−1 X̂k+1,i

P−

k+1 =
∑

i

W
(c)
i−1 (X̂k+1,i − m−

k+1) (X̂k+1,i − m−

k+1)
T + Qk

Ck+1 =
∑

i

W
(c)
i−1 (Xk,i − mk) (X̂k+1,i − m−

k+1)
T .

(34)

(4) Compute the smoother gain Dk, smoothed mean ms
k and smoothed co-
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variance P s
k as follows:

Dk = Ck+1 [P−

k+1]
−1

ms
k = mk + Dk

[

ms
k+1 − m−

k+1

]

P s
k = Pk + Dk

[

P s
k+1 − P−

k+1

]

DT
k .

(35)

The computations above are started from the filtering result of the last time
step ms

T = mT , P s
T = PT and the recursion runs backwards for k = T−1, . . . , 0.

Using the matrix form of UT in Equation (11) and with the shorthand notation
in Equation (27) the steps 2 and 3 can be written as:

X̂k+1 = f(Xk, k)

m−

k+1 = X̂k+1 wm

P−

k+1 = X̂k+1 W X̂T
k+1 + Qk

Ck+1 = Xk W X̂T
k+1.

(36)

The optimal smoothing algorithm discussed above is a discrete-time algorithm
in the sense that the state evolves in discrete time steps and measurements
are obtained on these steps. However, as shown in next section, by using a
formal limiting procedure it is possible derive the corresponding smoothing
equations for continuous-time and continuous-discrete state space models.

3.2 Continuous-Time Unscented Rauch-Tung-Striebel Smoother

In this section the continuous-time unscented Rauch-Tung-Striebel smoother
is derived by taking the formal continuous-time limit of the discrete-time un-
scented Rauch-Tung-Striebel smoother equations presented in Section 3.1.

In the continuous-time fixed-interval smoothing we are searching for approxi-
mations to the following smoothing distributions, which can be computed for
all times t ∈ [0, T ] if the measurement process up to the time instant T has
been observed:

p(x(t) | {y(τ) : 0 ≤ τ ≤ T}), 0 ≤ t ≤ T. (37)

In this article, the approximation is chosen to be Gaussian with mean ms(t)
and covariance P s(t):

p(x(t) | {y(τ) : 0 ≤ τ ≤ T}) ≈ N(x(t) |ms(t), P s(t)). (38)

In the continuous-discrete-time case, we are looking for approximations to
the smoothing distributions, which are conditioned to all the discrete-time
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measurements obtained at a given time interval [0, tT ], and these distributions
are again approximated with Gaussian distributions:

p(x(t) | y1, . . . , yT ) ≈ N(x(t) |ms(t), P s(t)), 0 ≤ t ≤ tT . (39)

Although the filters for the continuous-time and continuous-discrete cases are
different, the Rauch-Tung-Striebel form optimal smoother is the same in both
the cases. This is because we can define the continuous-discrete filtering dis-
tributions as in Equation (31) and thus the mean and covariance are available
for all time instants continuously also in the continuous-discrete case. We may
then apply the smoother as if the mean and covariance were obtained from a
continuous-time filter.

Theorem 3 (continuous-time unscented RTS smoother (CURTSS))
In the continuous-time limit the discrete-time unscented Rauch-Tung-Striebel
smoother equations approach the following differential equations:

dms(t)

dt
= f(X, t) wm + [f(X, t) W XT (t) + L(t) Qc(t) LT (t)]P−1(t) [ms(t) − m(t)]

dP s(t)

dt
= [f(X, t) W XT (t) + L(t) Qc(t) LT (t)] P−1(t) P s(t)

+ P s(t) P−1(t) [X(t) W fT (X, t) + L(t) Qc(t) LT (t)] − L(t) Qc(t) LT (t),

(40)

where the vector wm and matrix W are the weights of the matrix form of
unscented transformation (11). The sigma points X(t) are the sigma points
of the continuous-time or continuous-discrete unscented Kalman filter, such
that P (t) = X(t) W XT (t) and m(t) = X(t) wm, where P (t)and m(t) are
the covariance and mean of the UKF. The integration is performed backwards
starting from the terminal conditions ms(T ) = m(T ), P s(T ) = P (T ).

PROOF. The stochastic differential equation 2

dx

dt
= f(x(t), t) + L(t) ǫ(t),

can be approximated up to first order in δt by a discretized dynamic model

x(t + δt) = x(t) + f(x(t), t) δt + q(t) + o(δt),

where q(t) ∼ N(0, L(t) Qc(t) LT (t) δt). Applying the matrix forms of steps 2
and 3 of URTSS, which are given in Equation (36), we get expressions for the

2 Strictly speaking, we must consider the stochastic differential equations as
Stratonovich equations [16], because the derivation is based on the rules of ordi-
nary calculus.
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approximate mean, covariance and cross-covariance as follows:

m−(t + δt) = m(t) + f(X(t), t) wm δt + o(δt)

P−(t + δt) = [X(t) + f(X(t), t) δt + o(δt)] W [X(t) + f(X(t), t) δt + o(δt)]T

+ L(t) Qc(t) LT (t) δt + o(δt)

= P (t) + ∂P−(t) δt + o(δt)

C−(t + δt) = X(t) W [X(t) + f(X(t), t) δt + o(δt)]T

= P (t) + ∂C−(t) δt + o(δt),

where the expressions for the differentials of covariance and cross-covariance
are

∂P−(t) = f(X(t), t) W XT (t) + X(t) W fT (X(t), t) + L(t) Qc(t) LT (t)

∂C−(t) = X(t) W fT (X(t), t).
(41)

The equation for the smoother gain (35) is given as

D(t + δt) = C−(t + δt)
[

P−(t + δt)
]

−1
.

By the standard differentiation rules for matrices, the differential of the gain
can be written as

∂D(t) = ∂C−(t) P−1(t) − P (t) P−1 ∂P−(t) P−1(t)

= −f(X(t), t) W XT (t) P−1(t) − L(t) Q(t) LT (t) P−1(t).

and hence we have

D(t + δt) = I + ∂D(t) δt + o(δt).

If we substitute the gain expression into the mean expression in (35) and
collect the terms up to order δt, we get

ms(t) = m(t) + D(t + δt) [ms(t + δt) − m−(t + δt)]

= ms(t + δt) − f(X(t), t) wm δt

+ f(X(t), t) W XT (t) P−1(t) m(t) δt + L(t) Qc(t) LT (t) P−1(t) m(t) δt

− f(X(t), t) W XT (t)P−1(t) ms(t + δt) δt

− L(t) Qc(t) LT (t) P−1(t) ms(t + δt) δt + o(δt).

(42)
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For the covariance we similarly get

P s(t) = P (t) + D(t + δt) (P s(t + δt) − P−(t + δt)) DT (t + δt)

= P s(t + δt) − f(X(t), t) W XT (t) P−1(t) P s(t + δt) δt

− L(t) Qc(t) LT (t) P−1(t) P s(t + δt) δt

− P s(t + δt) P−1(t) X(t) W fT (X(t), t) δt

− P s(t + δt) P−1(t) L(t) Qc(t) LT (t) δt

+ L(t) Qc(t) LT (t) δt + o(δt).

(43)

If we now solve for (ms(t + δt)−ms(t))/δt and (P s(t + δt)−P s(t))/δt in (42)
and (43), respectively, and take the limit δt → 0, the result follows.

3.3 Sigma Point Form of Continuous-Time URTSS

In this section the differential equations for the smoothed sigma points are
derived. The procedure is the same as was used in [38] for deriving the square
root version of the extended Kalman-Bucy filter and in [14] for deriving the
sigma point form of the unscented Kalman-Bucy filter.

Theorem 4 (Sigma point CURTSS) The continuous-time unscented Rauch-
Tung-Striebel smoother equations (40) can be expressed in terms of sigma
points as follows:

D(t) =
[

f(X, t) W XT (t) + L(t) Qc(t) LT (t)
]

P−1(t)

M s(t) = [As(t)]−1 D(t) As(t) + [As(t)]T DT (t) [As(t)]−T

− [As(t)]−1L(t) Qc(t) LT (t) [As(t)]−T

dXs
i (t)

dt
= f(X(t), t) wm + D(t)

[

Xs(t) wm − m(t)
]

+
√

c
[

0 As(t) Φ
(

M s(t)
)

−As(t) Φs

(

M s(t)
)]

i

,

(44)

where the matrix of smoothed sigma-points is defined as

Xs(t) =
[

ms(t) · · · ms(t)

]

+
√

c
[

0 As(t) −As(t)

]

and As(t) is the lower triangular Cholesky factor of P s(t). Note that in prac-
tical computations the terms As(t) in Equations (44) are obtained by “extract-
ing” them from the sigma point matrix above (subtract the mean and divide by√

c) and for this reason there is no explicit update rule for As(t). In Equations
(44) Φ(·) is a function returning the lower diagonal part of the argument as
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follows:

Φij

(

M(t)
)

=



























mij(t) , if i > j

1
2
mij(t) , if i = j

0 , if i < j.

(45)

The backward integration should be started from the set of sigma points Xs(T ) =
X(T ) formed from the terminal mean m(T ) and covariance P (T ) of the UKF.

PROOF. The mean and covariance differential equations of the continuous-
time unscented Kalman smoother are of the form

dms(t)

dt
= f(X, t) wm + D(t) [ms(t) − m(t)]

dP s(t)

dt
= D(t) P s(t) + P s(t) DT (t) − L(t) Qc(t) LT (t),

(46)

where
D(t) = [f(X, t) W XT (t) + L(t) Qc(t) LT (t)] P−1(t).

Let As(t) be the lower triangular Cholesky factor of P s(t), that is, P s(t) =
As(t) [As(t)]T . The differential of the covariance can be expanded as

dP s(t)

dt
=

dAs(t)

dt
[As(t)]T + As(t)

[

dAs(t)

dt

]T

.

If we substitute this into the covariance equation in (46) and multiply from
left and right by [As(t)]−1 and [As(t)]−T , respectively, we get

[As(t)]−1 dAs(t)

dt
+

[

dAs(t)

dt

]T

[As(t)]−T

= [As(t)]−1D(t) As(t) + [As(t)]T DT (t) [As(t)]−T

− [As(t)]−1L(t) Qc(t) LT (t) [As(t)]−T .

Because the left hand side is a sum of lower and upper triangular matrices,
we must have

[As(t)]−1 dAs(t)

dt
= Φ

(

[As(t)]−1D(t) As(t) + [As(t)]T DT (t) [As(t)]−T

− [As(t)]−1L(t) Qc(t) LT (t) [As(t)]−T

)

,

where Φ(·) is the function defined in (45). If we multiply from left by As(t)
and substitute the equations for dms(t)/dt and dAs(t)/dt into the equation

dXs

dt
=

[

dms/dt · · · dms/dt

]

+
√

c
[

0 dAs/dt − dAs/dt

]

,

the result follows.
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4 Computational Complexity

In this section we shall compare the computational complexity of the proposed
smoothing algorithms to the classical linearization based extended Rauch-
Tung-Striebel smoother. The equations of the continuous-time extended Rauch-
Tung-Striebel smoother can be written in the following form (see, e.g., [9,37]):

dms(t)

dt
= f(m(t), t) + [F (m(t), t) P (t) + L(t) Qc(t) LT (t)] P−1(t) [ms(t) − m(t)]

dP s(t)

dt
= [F (m(t), t) P (t) + L(t) Qc(t) LT (t)] P−1(t) P s(t)

+ P s(t) P−1(t) [P (t) F T (m, t) + L(t) Qc(t) LT (t)] − L(t) Qc(t) LT (t),

(47)

where m(t) and P (t) are the mean and covariance of the filtering solution
computed by the extended Kalman filter. The integration is performed back-
wards starting from the terminal conditions ms(T ) = m(T ), P s(T ) = P (T ).
The matrix F (·) is the Jacobian matrix of the function f(·) with the elements

Fij =
∂fi

∂xj

. (48)

By comparing the Equations (47) to (40) it is easy to see that the relationship
between the approximations is

f(X(t), t) wm ⇐⇒ f(m(t), t)

f(X(t), t) W XT (t) ⇐⇒ F (m(t), t) P (t).
(49)

The differences between the computational complexities arise from these terms
only. The left hand side terms can also be written in terms of the summation
form of the unscented transformation (see, Section 2.1) as follows:

f(X(t), t) wm =
2n+1
∑

i=1

W
(m)
i−1 f(Xi(t), t) , µ(t)

f(X(t), t) W XT (t) =
2n+1
∑

i=1

W
(c)
i−1 (f(Xi(t), t) − µ(t)) (Xi(t) − m(t))T ,

(50)

which are computationally lighter than the matrix forms. The actual number
of computations depends on the model, but roughly we have the following:

• The linearization based smoother requires single evaluation of the function
f (n scalar evaluations) and single evaluation of the Jacobian F (n2 scalar
evaluations).

• The unscented transformation based smoother requires 2n + 1 evaluations
of the function f (total of 2n2 + n scalar evaluations).
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• In the linearization based smoother the mean and covariance computations
require one product of two n×n matrices, which takes roughly n3 additions
and multiplications.

• In the unscented smoother the mean and covariance computations require
computation of weighted sum of 2n + 1 length n-vectors (2n2 + n opera-
tions), computation of weighted sum of 2n+1 size n×n matrices (2n3 +n2

operations) and a single Cholesky factorization of n × n matrix (roughly
n3/2 operations).

That is, as with the corresponding filters [14], it is quite safe to say that the
computational requirements of the unscented transformation based smoother
are roughly 2–3 times the requirements of the linearization based filter.

The analysis above only applies to the mean/covariance form of the URTSS
and the computational requirements of the sigma point form (44) are a bit
higher. The computational requirements depend much on the way that the al-
gorithm is actually implemented. The extra computations are due to the 6 ad-
ditional matrix products with the lower triangular As(t) and its inverse, which
require roughly n3 operations each. That is, the complexity of the sigma point
form of URTSS can be even 3–4 times the complexity of the mean/covariance
form. But of course, the complexity of the square root version of the lineariza-
tion based smoother is quite high also.

5 Numerical Example

In this section, the performance of the continuous-time unscented Rauch-
Tung-Striebel smoother is tested in the continuous-time version of the non-
linear filtering problem presented as an example in [23], which was also used
for demonstrating the performance of UKBF in [14]. Both the state x(t) and
the measurements y(t) are one-dimensional continuous-time processes and the
state space model is:

dx(t)/dt = − sin x(t) + e(t)

y(t) =
1

2
sin x(t) + n(t),

(51)

where e(t) and n(t) are continuous-time white noise processes with spectral
densities qc = 0.01 and rc = 0.004, respectively. The simulation was performed
over time period of 5 seconds using the Euler-Maruyama scheme [39] and with
time steps of ∆t = 0.01. In the simulation, the initial states of trajectories
were drawn from zero mean Gaussian distribution with unity variance and
the initial conditions for filters (and smoothers) were m0 = 0, P0 = 1.

A typical initial period behavior of the filters and smoothers is illustrated in
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Fig. 1. Illustration of initial period error behavior in continuous-time non-linear
filtering and smoothing problem.

Algorithm RMSE RMSE(t = 0) RMSE(t > 2)

EKBF 0.26 0.80 0.17

UKBF 0.22 0.80 0.12

ERTSS 0.20 0.29 0.10

URTSS 0.15 0.24 0.10

Table 1
RMSE values of the signal for the whole simulation period 0 < t < 5, for the initial
state t = 0 and for the stabilized period 2 < t < 5 averaged over 1000 Monte Carlo
runs.

Figure 1. It can be seen that initially errors of the filters are large, because
of the uncertain initial conditions. After approximately 0.6 seconds the filter
errors decrease closer to the level of smoothers. In the smoother results the
initial uncertainty has been resolved by the later observations and there is
only slight initial error transient, which is most likely due to the Gaussian
approximations used in the algorithms.

The root mean squared error (RMSE) results of 1000 Monte Carlo runs with
extended Kalman-Bucy filter (EKBF), unscented Kalman-Bucy filter (UKBF),
extended Rauch-Tung-Striebel smoother (ERTSS) and unscented Rauch-Tung-
Striebel smoother (URTSS) are shown in Table 1. The following errors are
given in the table:

• RMSE is the overall root mean squared error of the algorithm averaged over
the whole simulation period 0 < t < 5.

• RMSE(t = 0) is the error in the initial state estimate. Note that the initial
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state estimate of all the filters is just the a priori mean m0 = 0 and thus

the theoretical mean RMSE of filters is
√

2/π.

• RMSE(t > 2) is the error average over the time period 2 < t < 5. During
this period the filters can be assumed to have already converged and thus
this measures the RMSE errors after the initial transient is over.

As expected, all the errors of smoothers are significantly lower than of the
filters. The difference is the largest at the initial time step, because at that
time step the filter estimates are just the prior means whereas the smoother
estimates are based on the whole interval of measurements. In the steady
state period t > 2 the errors between filters and smoothers are smaller, but
still significant. With this particular model, the errors of UKBF and URTS
are lower than those of EKBF and ERTS, respectively, which indicates that in
this case the unscented transformation seems to provide better approximation
to the non-linearities in the model.

In this small dimensional simulation, the computational requirements of the
linearization and unscented transformation based methods are almost the
same. The amount of computations needed by UT based method might be
a bit higher, but not more than 1.5 times the computations needed by the
linearization based method.

6 Conclusion

In this article we have derived a new unscented transformation based approx-
imation method to fixed-interval optimal smoothing of continuous-time state
space models. The method has been derived by taking the formal continuous-
time limit of the unscented Rauch-Tung-Striebel smoother. Both mean-covariance
form and sigma-point form of the equations have been presented. The perfor-
mance of the new smoother has been demonstrated in a simulated continuous-
time filtering and smoothing problem.
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[8] S. Särkkä, A. Vehtari, J. Lampinen, Rao-Blackwellized particle filter for multiple
target tracking, Information Fusion Journal 8(1) (2007) 2–15.

[9] J. L. Crassidis, J. L. Junkins, Optimal Estimation of Dynamic Systems,
Chapman & Hall/CRC, 2004.

[10] S. J. Julier, J. K. Uhlmann, A general method of approximating nonlinear
transformations of probability distributions, Tech. rep., Robotics Research
Group, Department of Engineering Science, University of Oxford (1995).

[11] S. J. Julier, J. K. Uhlmann, H. F. Durrant-Whyte, A new method for the
nonlinear transformation of means and covariances in filters and estimators,
IEEE Transactions on Automatic Control 45(3) (2000) 477–482.

[12] E. A. Wan, R. Van der Merwe, The unscented Kalman filter, in: S. Haykin
(Ed.), Kalman Filtering and Neural Networks, Wiley, 2001, Ch. 7.
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