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Metallic nanocrystals can exhibit intriguing properties due to
large surfaces specific for low-dimensional objects. Recent
experimental observation showed an interesting shape trans-
formation of Au nanoparticle during simultaneous mechanical
and electrical load. By applying finite element methods
extended to include nanosize effects, we study the mechanisms
of such transformations. We utilize fully coupled electro-
thermal calculations with the nanoscale correction to the
electric and thermal conductivities. The mechanical response of

the material is simulated using the elastoplastic material model
while the nanoscale mechanical interaction between gold
and tungsten particles is simulated using adhesive contact
modelling. We observe that Joule heating due to high electric
currents increases the temperature of the nanoparticle to the
value close to the melting point. In combination with the
mechanical stress, this causes significant plastic deformations
within the nanoparticle, which can explain the observed shape
modification of the latter.
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1 Introduction Large surface areas, characteristic to
low-dimensional objects can lead to interesting new effects
in the nanosystems. Examples are material behaviour
dependence from the size [1, 2], increased thermal and
electrical resistances in nanosystems [3], effects of the
surface stresses, [4] etc.

In a recent experimental study, interesting mechanical
behaviour of cobalt and gold nanoparticles being in contact
with a tungsten STM tip was observed during simultaneous
electrical and mechanical loading [5]. If 10–20 nm nano-
particles were in contact, but without electric current passing
through it, no shape modification was noticed. However, if
electric current was applied, the shape of Au nanoparticle
was significantly elongated forming a sharp tip at the place of
the contact. The details of the experiment are to be found
elsewhere [5]. Previously, similar experiments were con-
ducted for Al–Cu nanoparticles [6]. In this system, electro-
migration process was found to be predominant deformation
mechanism. In case of Au–W, the material behaviour for
Au–W may not necessarily follow the same trend. To
understand the deformation mechanisms, the mechanical,
electrical and thermal behaviour of the system must be
simulated. Recently a suitable simulation approach was

implemented and tested [7]. However, the material behav-
iour was simulated using molecular dynamics, limiting the
available time scales to pico- or nanoseconds [7, 8] while
the experimental time scales are often significantly longer
(seconds) [1, 5]. To overcome this limitation and extend
the simulation time scale to comparable level with the
experimental studies, we use finite element method (FEM).
Application of FEM for nanoscale systems requires
modification of available models to include finite size
effects. Such modified FEM model was successfully used in
Ref. [9] to investigate the surface effects and estimate the
effective mechanical properties of nanocomposites. Also, in
Ref. [10] it was shown that inelastic deformations and creep
can be studied by FEM if the nanostructures are larger than
2 nm in radius.

Material deformation maps for cobalt [11] and different
metals [12] suggest plastic deformation or creep to be
responsible for material deformation under the expected
mechanical loads. The aim of current work is to extend the
FEM to include nanoscale size effects and apply it to the
Au–W contact problem under coupled electro-thermal and
mechanical loading to study the material deformation
mechanisms under such conditions.
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2 Model of materials and methods
2.1 Simulated system The geometry of the simulat-

ed system consists of Au and W plates, forming bulk
material, with attached nanoparticles of the same materials
as presented in Fig. 1. The shape of the cross-section of
nanoparticles was chosen semi-spherical, close to semi-
elliptical in the deformed shape due to the surface energy
minimization and to be similar to the shape of experimental
nanotips. The radius of Au particle is 10 nm (see Fig. 1).
Temperature-dependent electric resistivity data for gold are
obtained from Ref. [13], for tungsten from Ref. [14] and
thermal conductivity is calculated using Wiedemann–Franz
law.

The elastic properties of tungsten and gold available in
the Comsol Multiphysics Materials Library [15] were used
for elastic simulations of the nanoparticles. Very soft
mechanical properties of gold cause difficulties in experi-
mental measurements of the plastic parameters of gold,
hence, the estimations from available experimental data in
the literature were used [16, 17]. The initial yield strength
was set to 30MPa and isotropic tangent modulus to
200MPa.

2.2 Electric currents and heat transport Current
density distribution in the material is calculated using Ohm’s
law in the differential form:

r � sðT; xÞrf½ � ¼ 0; ð1Þ

where w is the potential (V) and s(T, x) conductivity (Sm�1),
T temperature (K) and x represents spatial coordinates (m).
In the bottom of W boundary, we use potential zero
boundary condition and in top of the Au boundary, we apply
current density so that its integral over the boundary area
results in the current I0.

Temperature distribution in the system is calculated in
steady state, as thermal processes in nanoscale systems are
very fast compared to the experimental time scale (seconds):

r � kðT ; xÞrT½ � ¼ �Q ð2Þ

where k (T, x) is the thermal conductivity (Wm�1 K�1),
Q¼�J �5w volumetric heat generation rate (Wm�3) due to
resistive losses and J current density (Am�2). The material
model in Au nanoparticle includes the phase change by using

the different conductivities for molten and solid material,
available in Comsol Multiphysics [15]. The phases are
separated by observing the temperature in the model using
smoothed Heaviside function with 300K smoothing interval
(to ensure numerical stability). Finally, if phase change
occurs, amount of heat, equal to the latent heat of fusion is
removed from the material.

The finite size effects in the nanoparticles, are character-
ized using Knudsen number, defined asKn¼ le/d [18], where
le is the mean free path of an electron and d is the diameter
of the nanoparticle. If Kn� 1, the finite size effects are
negligible as the physical dimensions of the object are much
larger than the mean free path of the electrons. The correction
factor F¼F(Kn), rising from the finite size effects, is
calculated using previously published code [19]:

snano ¼ FðKnÞ � sb and knano ¼ FðKnÞ � kb; ð3Þ

where subscript nano corresponds to properties of the
nanoparticle and subscript b to the properties of bulk. The
influence of the finite size effects cannot be underestimated.
For example, the conductivity of sub nanometer diameter
nanopillars is decreased by more than 10 times.

2.3 Elastoplastic deformation model In these
calculations, we assume isotropic materials. The model of
a material is expressed as [20]:

S ¼ C : eel; ð4Þ

where S is the second Piola–Kirchoff stress (Pa), C elastic
stiffness tensor and eel elastic strain. Since the experimental
system goes through large deformations, we use finite
deformation model. To account plastic deformation, we
decompose the deformation gradient tensor F multiplica-
tively to elastic and plastic parts [20]:

F ¼ FelFp ð5Þ

and remove the plastic deformation from the total
deformation gradient Fel ¼ FF�1

p . Finally the elastic and
plastic Green–Lagrange strain tensors are

eel ¼ 1
2

FT
elFel � I

� �
and ep ¼ 1

2
FT
pFp � I

� �
: ð6Þ

We use vonMises yield criterion and the effective stress,
von Mises stress, wðsÞ is defined as [20]:

wðsÞ ¼ smises ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
devðsÞ : devðsÞ

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3J2ðsÞ

p
;

ð7Þ

where J2 is the second deviatoric stress invariant. If von
Mises stress reaches yield strength, the material starts to
deform plastically. Dislocation interactions during the
plastic deformation lead to the material hardening. TheFigure 1 Simulated system and the range of nanoscale size effects.
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yield strength is a function of the plastic deformation,
sys¼ sys(epe), where epe is effective plastic strain and
sys(epe)¼ sys,0þ sh(epe) is the plastic deformation-depen-
dent yield strength of the material. The hardening behaviour
of the material is captured by increasing the initial yield
strength as a function of the local plastic deformation of the
material:

shðepeÞ ¼ kepe and
1
k
¼ 1

Etiso
� 1
E
; ð8Þ

where E is the Young’s modulus of the material and Etiso is
isotropic tangent modulus (slope of the stress–strain curve
in plastic deformation part). Etiso describes how the yield
strength of the material depends from the plastic deformation
and leads in current implementation to constant linear
hardening of deformed volume.

2.4 Interface interactions We simulate the Au–W
interface by adding thin elastic layer boundary condition
between the contact surfaces. It acts as adhesive contact
between the particles and uses harmonic oscillator potential
to characterize the interaction of the materials. Breaking of
the contact is simulated using nonlinear spring coefficient k –
it maintains constant value, until certain deformation, umax,
is reached. During further deformation, the spring coefficient
decreases linearly, until critical deformation ubreak. Then, k
becomes zero and interaction of the materials stops. Contact
model is applied using Hooke’s law:

F ¼ �k � u; ð9Þ

where F is the force, k spring coefficient and u displacement
between the nanoparticles.

2.5 Simulations In the current study, we do not
simulate the compression of Au and W nanoparticles, but
assume that this part of the process has already taken place –
the simulation started by assuming already deformed Au
nanoparticle, pressed to the tungsten surface. Moreover, to
simplify the implementation of Eq. (9), the contact area
between Au and W was assumed to be flat at tungsten side,
not completely spherical. The system was allowed to relax
into equilibrium configuration, followed by lifting the Au
nanoparticle, by applying constant speed boundary condition
(vz¼ 0.1 nm s�1, Fig. 1). At the same time, fully coupled
current density and temperature distributions were calculat-
ed. Fixed current I0¼ 1100mA was used as initial value,
with incremental increase (by factors 1, 2 and 3) in following
simulations. Currently, the elastoplastic properties of the Au
nanoparticle are temperature independent.

Plastic behaviour was modelled only in gold nanoparti-
cle, and the rest of the system was considered elastic (as only
the processes in the Au nanoparticle were of interest).

The simulations were conducted using the Comsol
Multiphysics package [15]. The material and simulation
parameters are summarized in Table 1.

3 Results and discussion
3.1 Mechanical deformation of the system The

von Mises stress distribution in the Au nanoparticle
during the simulation is presented in Fig. 2. As predefined
deformation and zero initial stress are assumed, the
simulation starts with the initial shape relaxation of the
Au naoparticle due interaction of Au and W atoms, leading
to initial stress distribution (Fig. 2A). The end of this
relaxation is considered to be starting point of the simulation
(t¼ 0). When the Au nanoparticle is lifted (Fig. 2B and C), it
undergoes plastic deformation and gradually reshapes into a
previously deformed tip. The contact area between the Au
and W decreases during the deformation and neck-like
structure forms at the contact due to combined effect of
the plastic deformation, nanoparticle shape caused stress
concentration and sticking effects between Au and W.

During the stretching, we regain the compressed
shape and achieve elongation beyond original height.
The elongation of the sample can be explained through
dislocation-mediated activities (althoug surface diffusion
may also contribute in experimental system). However, as in
these simulations mechanical properties of the materials are
considered to be temperature independent, we underestimate
the shape changes of the tip.

Table 1 Material and simulation parameters.

parameter value description

I0 1100mA external current
Etiso 200MPa isotropic tangent modulus of Au
sys,0 30MPa initial yield strength of Au
k 310Wm�1K�1 thermal conductivity of Au

nanoparticle at room temperature
s 4.46�107(Sm�1) electric conductivity of Au

nanoparticle at 300K
vz 0.1 nm s�1 lifting speed of Au nanoparticle

Figure 2 Von Mises stress distribution in the nanoparticles during
the simulations. Snapshots A–D demonstrate the progressive
deformation of the Au nanoparticle during the lifting.
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3.2 Thermal behaviour of the nanoparticles The
temperature distribution in the system during the simulation
is presented in Fig. 3, where colour represents the
temperature and isolines 500, 1000 8C and melting
temperature of gold. In figure, three snapshots of the system
evolution are presented at t¼ 6, 6.5 and 6.64 s, respectively.
In the last snapshot, liquid Au has formed. The increase of
the current density needed for sufficient temperature rise is
achieved through the decrease of the contact area of the
nanoparticles while lifting the Au nanotip. The tungsten tip
acts as the main source of the heat as thermal and electric
conductivity in W are lower than in Au. However, it is
cooled by Au nanoparticle – the maximum temperature
is achieved in the tungsten tip, near the interface. As
the temperature of the system starts to rise, the electric
conductivity becomes lower, leading to higher resistive
heating. Finally, if the combined effect of increased current
density and higher resistivity of W overcome the cooling
effects of the Au nanoparticle at t� 6.64 s, the melting point
of Au is reached and liquid phase forms at the Au–W
interface. Further increase of the current density leads to the
expansion of the molten area into Au as the heat generation
moves towards gold due to the lower conductivity of the
liquid phase.

The temperature at the tip of gold nanoparticle during the
contact simulation is presented in Fig. 4 for different applied

current values. In all cases, at the beginning the temperature
rises slowly but increases very fast by the end of the
simulation due to combined effect of increase of tempera-
ture-dependent resistivity and decrease of contact surface
area. While all applied currents were sufficient to cause
melting of the Au nanoparticle, significant difference
appeared in sensitivity to the contact surface area change.

The lowest applied current (1100mA, blue line in Fig. 4)
caused the fast temperature rise and the sudden melting of
the system at the interface between the nanoparticles; the
largest current (3� 1100mA, green line in Fig. 4) lead to the
fast heating of Au already at the beginning of the simulation
leading to early formation of molten phase at �2 s. These
simulations clearly demonstrated that applied methodology
can estimate the melting of the Au nanoparticle for applied
currents in the same order of magnitude as in experiment.

4 Conclusions In current study, a system of gold–
tungsten nanoparticles is simulated, using the FEM,
extended to include nanoscale size effects. The simulations
include characterization of the Joule heating caused thermal
behaviour of the system. Joule heating due to high electric
currents increases the temperature of the nanoparticle
close to the melting point. The calculations demonstrated
sensitivity to the temperature-dependent electrical and
thermal conductivities and stressed the importance of
implementation of the finite size effects to the conductivities.

The mechanical interaction between the nanoparticles
was simulated using adhesive contact model, with distance-
dependent interaction properties. The simulation demon-
strated that this kind of interaction leads to the plastic
deformation of gold nanoparticle. During the elastoplastic
simulations of the system, a clear shape transformation was
observed. During the stretching, the Au nanoparticle is
deformed beyond the original shape. Combination of high
temperature and applied mechanical stress causes significant
plastic deformations within the nanoparticle, which can
explain the shape modification of the latter. As the plastic
deformation model manages to capture the deformation of
the system, the elongation of the sample can be understood
through dislocation-mediated behaviour, even though
surface diffusion and electro-migration may also contribute
to the deformation of the particles observed in the
experiments.
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